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PREFACE 



In complying at length with a request often made to him, 
by issuing a Key to his Treatise on Algebra, the Author 
hopes that he will render that work more useful and 
acceptable. The time of the public teacher will be saved, 
as he will be able to discover more readily where a mistake 
may have been committed in the conduct of an investi- 
gation; while important aid will be rendered to those 
who study the subject without the aid of a teacher. To 
nearly three hundred of the easiest questions in the Ele- 
mentary Hules, Fractions, and Involution, answers are 
not given in the Algebra, in order that they may serve 
as Class Exercises to be prescribed by the teacher; and 
many other questions are of such a nature that no answers 
could be given to them, a proof or the steps of a lengthened 
development being required.' The answers or solutions 
of all such questions will be found here given, and the 
Key to correspond throughout with the Fourth and stereo- 
typed edition of the work, which was carefully revised 



Yl PBEFAGEi 

in every part An Appendix is subjoined, for which a 
few additional questions in Progressional Series have been 
kindly supplied, at the Author^s request, by his Mend 
Mr. Munn, of the Edinburgh High School, well known 
as a most able Mathematician and successful Teacher. 



March 9, 187S. 



CONTENTS. 







Vism. 






Key. 


Text 


Ana. 


Praxis, • • • • 


. 1, 2 


13, 


326 


Addition, Subtraction, 


. 2, 3 


21, 24 


326-7 


Multiplication, 


3, 4 


35, 


327-8 


Division, • 


4-8 


46, 


328 


Miscellaneoiis Exercises, 


8, 9 


49, 


— 


Greatest Common Measure, . 


9^16 


63, 


328-9 


Least Common Multiple, 


. 16, 17 


65, 


329 


Fractions, 


17-20 


79, 


329 


Involution, . 


20-22 


97, 


332 


Evoliition, 


. 22-35 


101, 116 


333 


Surds, . . . . 


35-40 


128, 


334 


Imaginaries, . • • . 


40,41 


135, 


336 


Simple Equations, 


41-44 


143, 


337-8 


Simultaneous Equations^ 


45-48 


159, 


338-9 


Quadratic Equations, 


48-55 


175, 


340-1 


Simultaneous Quadratics, 


55-61 


184^ 


342 


Theory of Quadratics, 


61, 62 


191, 


343 


Problems producing Equations, 


. 62-70 


198, 


343-4 


Indeterminate Coefficients, . 


70-75 


214, 


345 


Proportion and Variation, . 


, 76, 77 


232, 


346 


Progression, . . . . 


77-84 


242, 


846-7 


Problems in Progression and Variati 


on, 84-88 


250, 


348 


Series, • • • 


89- 103 


274, 


348-9 



VIU 


CONTENTS. 












Pagb. 








Key. 


Text 


Ana. 


Logarithms and Exponentials, 


103-105 


289, 


349 


Permutations and Combinations, . 


105-108 


296, 


350 


Binomial Theorem, . 


• • 


108-110 


308, 


350 


Probability, . 


• • 


110^ 111 


317, 


350-1 


Geometrical Problems, 


• • 


111-118 


324^ 


351 


Additional Exercises, 


• » 


119-124 







^ 



KEY TO ALGEBRA. 



I. PRAXIS, p. 13. 

1. 5 + 4-6 = 3. 2. 7 + 2-8 = l,&c. 3. 12-12 + 5 = 5; 
80 + 72 - 30 = 122 ; 3G0 + 432 + 32 + 75 = 899, &c. 4. 4 
(6-5) = 4xl=4, &c. 5. 14-9 = 5, (fee. 6. 72 + 40-105 
= 7, (fee. 7. 280 + 56 + 56 - 140 = 252, <kc. 8. 16 + 48 + 36 
= 100 = (4 + 6)2 =102, &c. ; J + f+i=f6. 9. 16-48 + 36 
= 16 + 36-48 = 4 = (-4 + 6)2 = (6-4)2 = 22, <fec.; A-i| + 

. 2. 1 = 24, (fee. 11. « = 4(4 + 7 + 9) = 10, and 10 . 6 . 3 . 1 
= 180, &c. 12. 64-16 = 48, <kc. 13. 125-15 = 110, &a 

14. 6 + 6-12 + = 0. 15. 1 + 16-9-4 + 5 + = 9 17. 

^36+ »/8 + 2 + 3 = 13 23. (11 . 1 + 1 . 1)2 = (11 + 1)2 

= 122 = 144 27. 12-4 and 12-4; 8-3 = 5, &c. 28. 

3a^ + 5a^ = Sa^. 29. 3a^ -Sa^ + ^a^-%c^ = 2u^. 3U. Aoc^- 

362 + 5x2 + 262 - 3iB2 = 6a:2 - 62. ... 32. 4-yV = 4^2 ^^ ^^ 

= 34. ...35. 3/ = |- Vt = f- Vf| = |-| = 0. 36. y = 

(y-2) (,^), or 3/ = (3 -2) . ^ = ^,&c. 37. 2^ = 5^81 

-^V64 = 41,&c. 41. 1|±J? + |? = 14; V(72-8) + 0f 

^(20-4) + l = 8 + 4+l = 13. 42. -^f^.f + i|±I^- 

10 + 3 = 25-8 + 4-10 = 14;-^4±-J^ + -i^,-i^^^^ 

' 5+4+1 8+2 4+1 

, , , , 24 + 160 + 16 125-64-8 + 7 «« 17 

= 44-4 — 4 = 4* = 25 — 1-B- = 

-4 + 4 4-4, 5^4_ 2 + i 32 ^ 

231 46. 5 = 21; ^21 .6.7.8= ^7056 = 84; 5 = 60; 

./(60 . 10 . 20 . 30) = GOO. 47. 1 - {1 - ( - 5)} + 12 - ( - 27^ 
+ 2 - 26 = 1 - 6 + 12 + 27 - 24 = 10. 48. ^ (4 . 5 . 6 4 

4. 3. 2) + f (3. 4. 5) = 24 + 40 = 64. 49. a^ 9.1.^9 
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36-10+6 



= ^27=3; ^/(16 + 8 + l)= J2^=5; y^ ^^^ 3 
3/ 18 + 10- 1 y 50^-27 4-4 ^ , 

58, 59 let a= 8, 6 = 5, then 13 . 13 = 64 + 80 + 25 = 169 = 13^; 
(8 + 5) + (8 -5) = 13 + 3 ---16 = 2. 8; (8 + 5)- (8- 5) = 13 -3 
= 10 = 2.5. Again if a = 7, 6 = 12, then 19 . 19 = 49 + 168 
+ 144 = 361 = 192, and (7 + 12) + (7 -12) = 14 = 2.7; (7 + 12) 
-(7-12) = 19-(-5) = 19 + 5(Art 6)=24 = 2.12. In 56 
and 601eta:=9, y = 6, thenl5. 3 = 81 -36 or 45 = 45 ; and 
(9 -4^9 + 7) = 81 + 27 -28, or 5 . 16 = 81-1=80. In 57 
let n = ll,m = 7, then 4 . 4 = 121 - 154 + 49 = 121 + 49 - 154; 
or 16 = 170-154. 61. It is 5 minutes less than nothing, 
or - 5"*, past 12, that is, it wants 5"* of 12. 62. He is worth 
£500 less than nothing, or - £500, that is, he is £500 in debt 
after all he has is paid away. 64. It is one d^ree less than 
nothing south, that is, it is 1° north of the equator. 63. The 
gain is £20 less than nothing, or - £20, that is, there is a loss 
of £20. 

II. ADDITION, p. 21. 

18. a + 6. 19. 2a. 20. x + x\ 21. n+ Jn. 22. -a. 
23.-1. 24. 0. 25. 3d + 4c. 26. 6a; - 3y. 27. Jx-2^x. 
28. -a? -a. 29. ah:^-{-aa:^, 30. a. 31. 2a -b. 32. p. 
33. 6 + 4a; + a^. 34. a^ + a^, 35. 2. 36. - 1 la;^ _ 5^^. 37. 
2a + 5a2. 38. a2 + aK 39. b^ + 36. 40. 4a" + :^x- f y. 41. 
"Qa; 6a. 42. 5aacy+7ax. 43.-4. 44. 5x (a + 6). 45. 
- 19. 46. a;; a. 47. (a + x) y. 48. 5a; + 6. 49. 6* + 4 - ^x. 
50. ^a'^^T^. 51. 9a2-7a+10. 52. a + 6 + c. 53. 2axy, 
54. 2a" + 3a''^i + l. 55. 2a + 26 + 2c + 2c/. 



III. SUBTRACTION, p. 24. 

9. - 13a. 10. - ba, 11. 13a. 12. 5a. 13. 26. 14. - 26. 
15. 6-c. 16. 2a. 17. 0. 18. ^-x^. 19. 06 -a. 20. 
12 + a + 36. 21. 4a;-4. 22. ^x, 23. a2-a. 24. 6. 25. 
3a6. -3a. 2G. 2a;-a;2. 27.-1. 28. -2a. 29.10a. 30.2a. 
31. -10a. 32.-1. 33. x, 34. -a;. 35.-^3;. 36. \x. 
37.-3. 38.0. 39. 2 -2a. 40. a -6. 41.15. 42. fa- f 6. 
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43.-17. 44. I^x- ijx, 45. iab. 46. Jx {a-\)^a-\r\. 

47. a, 48. -a. 49. 2 + a. 50. a -2. 51. -2a. 52.-2. 

53. 2a. 54. 2. 55. h. 5%. a:-7-(2a;-5 + a?) = a;-7-2a: 
+ 5 - « = - 2aj - 2. 57. « - (6 - c - a;) + (6 - a; + 26) = a - 6 
+ c + aj + 36-«=« + 26 + c. 58. «- {«-(a-a + a;)} =a- 

(a-a + a-aj) = a — a + a-a + a;=a;. 59. a? + 2a^ + y^ - (a;^ + 

'fljy - y^ - 2ajy + aj2 + ^2^ _ 3^^ - 3-2 + ^2^ 60. 2a J{x-y)- hxy 
" a J {x- y) + hxy ^ot, ^ {x - y). ... 66, 1 - [1 -(1 - 1 +03)] 
= l-(l-l + l-a;)=«. 67. 6a- {2a- [5a- 3a]} = 6a- (2a 
^2a) = ^a, €8. 3a- fa + i- {a + ^+<j'-a-6-c-c?}] = 3a 



IV. MULTIPLICATION, p. 35. 

1. ah. 2. npx, 3. o^. 4. «^^. 5. 56x^y, 6. ahcdef, 
7. -48cd 8. 40a!6. 9. lOa^. 10. -a. 11. 11a. 12. 
mnpq. 13. 2ax, 14. ^aft^. 15. a"+^. 16. 1262«. 17. 867. 
18. ir^\ 19. m?^. 20. a2"-i. 21. ic"^3 22. a^^^i. 23, 
^«+2a.n+8, 24. a. 25. 60. 26, \a\ 27. 26. 28. 20a?. 
29. ^a^ofi, 3a 2a« 31. Sab ^ ax. 32. ai^a^yS. 33. 
8iB2 - 46a; + 6<^a;. 34. - 21a5 + 1 2a*6a; - 9aS^ + 24a3. 35. 
a26 + 06^05 + cibdey, 36. - 28a*a; + 1 6a*a52 - 8a%xy, 37, 
1 2a26a; - 6ab^^ + 2la^bd - 15a6y. 38. Say Jx - Gaa^y'^ + 
K^ay X/sc, 39. fajy* - 352^2 ^ iax^y - ocy. 40. iny^ - 3ma;y + 
2amtyz, 41. - Pi^z^ + ahdy^z - 2by^z, 4:2, a^ + 2ax + x\ 
43. a2 - 2aa; + a?-, 44. a2 - a;2.' 45. 36 - a2. 46. 
2r2-10r + 12. 47.72^-16. 48. 16a2-4a + f ^^.m^-^ 

mn + mp + np, 50. ac + bc + ad + bd, 51. w^ — yV* ^^' 
^2 _ 1^+1. 53. 962 + 126y + 4^2. 54. 25x^--9y^, 55. 

«» + 2a*6 + 62. 56. a?2 + 8a; + 15. 57. a;^ - 7a; - 44. 58. 
a^ + 7x-U. 59. 41. 60. a'*^i + a6«-a"6-6"^i. 61. 
a2« + 2a'»6" + 62-. 62. 1-2= -1. 63. 64. 65, see Alg. 
p. 327. 66, 67, using det. coef. we get 1 ± ± ± + 64 ; 
and 1 + + + + 0-6 + 5; that is x^ + 64 and 1 - 6a;5 + 5-^.6 
68. Airanging by powers of a we have a* - 2a^6 + 4a^6^ — 
806* + 1 66* and a + 26 ; then using the det. coef. all the terms 
disappear except the first and last which are 1 and 32, that 
is a^ + 326^ 69. The method of det. coef. does not apply 
here; the partial products are 35a262 + 21a^6c — 28a6^c, 
- 90a26c - 54a2c2 + 72a6c2, 1006^0 + 6a6c2- 86V. 70. Here 
a^ only has the coef. 0. 71. Here all the powers of x ap- 
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pear. 72. Sqaaring by det. coe€ we find 1— 6 + 13-T2 + 4; 
and using these with 1 + 6 + 1 we find that the second term 
only is wanting. 73, 74 are very easy by det. coef. ; the series 
of powers is complete. 75. Arranging by the powers of x 
(Art 39) and putting zero for the coef. of a^ which is wanting, 
the coef. are 3 ± + 2 — 5 and 7-1 + 2. 76. The powers are 
complete. 77. The third, second, and first powers of x vanish. 
78. Pnt 4j:* in the second place ; all the powers appear in the 
answer. 79. There is no gap in the series of powers. 80. Series 
of powers without gap. 81. Here b^ in the first factor and 6^ in 
the second are wanting; thedet. coef. .*. arel — 3 + + 4and 1 + 
+ 3 - 4; no term vanishes. 82. Putting zeros for the coef. of 
the wanting terms we have 5 + 0-3-2 and 3 + + 2-5; in 
the result the second term is wanting, that which should con- 
tain a%^; the other powers appear. 83. Here (a5+y)^ = 
a^ + 3a^y + 3a7/^ + y^, in which Sa^y + Sxj/^ = 3xy (x + y) . *. 
&c. 84. Here a' + o*6 + ai^ + l^ = a^-\-ab^ + a% + b^ = a 
(a^ + 62) + 5 (a2 + h^) = {a + b) (a* + b% \{a^ + a«6 + ab^ + b^} 
(a-b) = {a + b) (a» + 6*) (a - 6) = (a^ + 6*) {a + 6) (« -6) = 
(a2 + 62) (a2-62). 85. Here (note, p. 31 Alg.) (a^ + S(t 
+ 1)2 = {a (a + 3) + 1 }2 = a* (a + 3)2 + 2a (a + 3) + 1 = a{a 
(a + 3)2 + 2(a + 3)} + 1 =a{ (a + 3). a. (a + 3) + 2(a + 3)} + 1 
= a{(a + 3)[a(a + 3) + 2]} + 1 =a{(a + 3) . [a(a + 2) + o + 2]} 
+ 1 =a{(a + 3)[(a+ 2)(a + 1)]} + 1 = a (a + 3) (a + 2) 
(a + 1 ) + 1 for 3a = 2a + a. Otherwise ; both forms produce 
the same result, namely, a* + 6 a^ + 11 a2 + 6a + 1. 86. 
(a + b + cY- (<*^ + b^+ (^) = (a + 6)3 + c^ + 3c(a + 6)(a + 6 + c) - 
(a* + 6^ + c^) = a^ + 6^ + 3a6 (a + 6) + c^ + 3c(a + 6) (a + 6 + c) - 
(aS + 68 + c?) = 3a6(a + 6) + 3c (a + 6) (a + 6 +c) = 3 (a + 6) 
[a6 + c(a + 6+c)] = 3(a + 6)[(a + c)b + (a + c)c] = 3(a + 6){(a + c) 
(6 + c)} = 3(a + 6) (a + c) (6 + c). 87, 88, 89, 90, present no 
<lifiiculty. 



V. DIVISION, p. 46. 

1. 6. 2. a:2. 3. 1. 4. 4^2^ 5.-1. 6. 5a. 7. 36. 

8. 3a6c. 9. 1. 10. a. 11. 4. 12. 6^ 13. a«-^ 14.-1. 

15. 36. 16. :We. 17. x'^'K 18. 8a2^. 19. a. 20. 5a^ 

21. 1. 22.-1. 23. a2. 24. J2. 25. a '2. 26. Sa'^'^x^y, 

27. ^8a. 28. 4a. 29. -563y. 30. v^. 31. |. 32. |.. 



KEY TO ALGEBRA 5 

33. - 34. X. 35. x'^''^^\ 36. -^. 37. 2y/x. 38. &-3 
= ^^, 39.2^. 40. -3^. 41. -a"-*. 42.^^. 43.'^.* 
44. -^2 =«-«. 45. ^6V?/3, 46, 4^. 47. Aa^i^x^y. 48. 1, 

49--^ 50. y. 51. 36y + y^-4. 52. c+4a:-3a. Sa 

3a6a:-.42^-oa362a:2+a2^3/2. 54. \(a + hy 55. 2a-««- 
7 + 3ar-fL 66. b + hy-k-hy^ + hy^ + &<i, 57. 3a -7a? + 10//* 

4 71 /i 4 if if 

4a5a;-». 60. a -6. 61, a: + 7, 62. ;r+y, 63. ^-4 
64. n + /?, 65. V a — 1- 

66. a,-3-9a:2^27^_27(.r-^3^^^[ivisor. 

j?3 - 3a^ a;2 — 6a? + 9, quotient. 

^^ + 27a: 

9a: - 27 
9ar - 27 





63. a + a;\a« + i + 2a"ar4-2a'»-V + 2a— V&a /a" + a 
JoT^^J^ + arx (+a*»^ 

Z" o n — 1^:2 ^ Ae. 

a" - ia?2 + 2a'*"*a33 + &c, 

69. l-5a? + 10a;^-10ar^ + 5a:^~a?5( l - 2a; + a:^, div isor. 
l-2a? + a;^ 1 - 3a; + 3ar* - a:^^ 

- 3a? + 9a:2 - lOa^ quotient 

- 3a; + 6^^ - 3a;S 

3x^-7x^ + 5x^ 
3a:2 _ 6ar3 + 3a;^ 

-a^ + 2x^-off^ 
-x^ + 2cc^-x^ 

0" 



TO 



70. 



4^ i-2>>fl 3-3 
4^ 6 



-f-5-7 






±r2^3«-r 



7i x*-«r« 



-U-31 



r jr- 



^«» 



«*-if* 






-a* 



74. Note tfant J' 

t?i#» indices of X 
that;r*=L 



-« = jr*^'-'*, jH*-«^=ji«^*; the siicc«5> 
- 3y p — 4, ixL, diminisk eoDtinitftDT and 
at last 5g, 4^, 3g, 3g, I9, and 6.9, so 



84. 8+ 5-15±0+l ( ^"^"1 
-8^ 6^ 2 -2-3+1 
-12+ 9 + 3 iL«L 
4-3-1 2 + 3 

0+ 0+ + + 



1st ran. 12. 
2nd „ -4. 



-1 



85. 6-1-13+10-2 ( 2-3 + 1 Rema +8 and 
-6+9- 3 -3-4+2 

-8+12- 4 t.«L 

4- 6+2 3+4-2 



-4. 



S6. 10-48 + 51+ 4-15 ( -5 + 4 + 3 , «nmaguigly 

-10+ 8+ 6 2-8 + 5 

40-32-24 t.«L 
-25 + 20 + 15 -2 + 8-5 

1st rem. -40; 2nd, + 25. 
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88. The work is as in Ex. 69. 

89. Arrange the terms by the powers of a and take the 
co-efficients. 
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12 + 8-13-9 + 2-1 ( 3-H2-1 
-12-8+ 4 -4+3+1 

9 + 6-3 i.e. 

3+2-1 4-3-1 



1-2 
90, Arraoging according to the indices we have 

l±0-4 + 5±0-10+19-20 + U-5 (1 + 2-3-4 + 5 

-1+2-3+3-2+1 
1-2 + 3 + 4-5 or 1-2 + 3-3 + 2-1 

2 + 4-6-8 + 10 
_3_6 + 9 + 12-15 Rema - 2, + 3, - 3, + 2, - 1. 

+ 3+6- 9-12 + 15 
_2- 4+ 6+ 8-10 
+ 1+ 2- 3- 4 + 5 



Miscellaneous Exercises, p. 49. 

1. Twice the greater ; for (a + 6) + (a - 6) = 2a. 2. Twice 
the less; for (a + 5) -(a -6) = 26 (see Ex. 58 and 59, p. 17). 
3. a; + 1 2. i. y — d. '5. Twice the product for (a + ar)^ - 
!a^ + x^) = 2 ax (Euc. II. 4). 6. Four times the product ; for 
[a + a:)2 - (a - ic)2 = 4iwr (Euc. XL 8). 7. Twice the sum 
of the squares; for (a + a;)* + (a - a:)^ = 2 {a^ + xl^), 8. pq 

+ r. 9. 2pq. 10. 36. 11. — . 12. 10a: + 2^; 100a; + 

•*< 

10y + «. 13. a-\-x and a-x; 8 + a: and 8-ar; 2n + 8 

and2w-8; ^a+lOand ^ai-lO; 9a2+10a;and 9a2-10a? 

(note p. 31; Euc. 11. 5). 14. (x - y) (a^ + xy -{- y^) ; (x + y) 

(x-y) (ix^-^-y^); (a-x) (a^-\-ax + a^) (a + x) (a^-ax + x^), 

because a^ + sc^ = {a + x) (a^ - ax -\- x^) ; (a* + a?*) (a* + 35^) (a + 

a 

x) (a-x); (a - x) {a + x) {a^ + ai^) (a* + xl*) (a® + «®). 15. -. 

X 

16. 36a2-48aa;+16a;2; 462-206^3+ 25/; la2-8a + 64. 

17. a;2. 18. 2(«-a) = 6 + c-a; 2(«-6) = a + c-6; 2(«-c) 
= a'\-b-c. 19. Let a be the gi-eater and 6 the less; then 
I (a + 6)-6 = ^ (a -6); also a-^ (a + 6) = ^ (a -6) .*. <fcc. 

20. Call the work 1 ; then the parts ai-e ^, ys* t^ *"^ rV 

21. a + 6-c and a-& + c; 6 + c + aand6 + c-a. 22. Fii-st, 
the factors are (note p. 32 Alg.) 2ab + a^ + 6^ - c^, and 2 a6 — 



i 
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a^ — b^ -^c^ ; again these are eqnivalent to (a + b)^ -c^ and 
€^ — {a'' })f, 80 that the expression is the same as (a + ft + c) 
(6 + c - a) (a - 6 + c) (a + 6 - c). 23. 245 and 1 1 1 (note, p. 25). 
24. 342 and 94. 26, A2x and 38a; are the spaces passed 
over ; then 42a; + 38a; = 400 miles. 26, If A who gained 
had had 312 votes less, or B who lost 312 more, there would 
have been an equal number for each ; hence the principle of 
the note p. 25 applies. See Ex. 1 and 2 of this section. The 
numbers are 1870 and 1558. 27. Half the sum of the quan- 
tities. For calling 8 half the sum of a, 6, c, or putting 28 
ss a + 5 + c we have *-a = ^(6 + c — a);«-6 = ^ (a + c-b); 
^ — c = ^ (a + 6 — c); the sum of these three remainders is 
(a + b + c). Or, 3«-a— 6-c=35-(a + 6 + c) = 3«-2« = «=^ 
a + b + c), 28. Here« = ^(a + 6 + c + d), or, 2« = a + 6 4-c + d; 
then 8 - a= - ^a + ^b + ^c + ^ ; 8-b = ^a-^ + ^-\-^ <fcc., 
and adding the remainders the sum is a + b + c-^dj or 28 — 4:8 
— (a + 6 + c + c?) = 4« - 2«. Again, in the case of five quan- 
tities, d', 6, c, di e, we shall find similarly that the sum 
is 5*-2« = 3* = f (a + b + c + d + e). In the case of six 
quantities the sum would be 4« = 2 (a-\-b + <fec.) It will 
be a useful exercise to illustrate these and other cases with 
particular numbers. 29. Here x^ becomes (x ■{- h)^ = x^ -\- 3x^h 
+ dxh^ + hK 30. Here (a + a;) (a - x) becomes (2a + b){-b) 
= -2ai>-6*= -(2a6 + 6). 31. ax-bx = {a-b) x = {a-b) 
(a-b) = a^-' 2ab + 6*. 32. T eveloping as in Ex. 29 and sub- 
tracting, the first terms are found to be 4ta^h, bx^h^ 6x^h, 

VI. MEASURES AND MULTIPLES, G. C. M., p. 63. 

1, 2, 3. From the first remainders we get respectively a^, 2x^ 
and 2a;. 4. Suppress a, a factor of the first but not of the 
second, and 26^ a flEtctor of the second but not of the fii'st ; 
double the terms of the first quantity to render the first term 
divisible by 6a^ ; we then have 30a* + 20a36 + 8a*6« + 12a63 - 
66* and 6a^ + I9a^b + 8ab^ - 5bK Then detaching the coeffs. 
the work is as under : 

6 + 19 + 8-5)30 + 20+ 8+ 12-6(-5 + 25 
_30-75- 32+ 37-6 
2 

-150- 64+ 74-12 
+ 411 + 274-137 



^ 
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or, 13762(3a« + 2a6-62) 

3 + 2-1)6 + 19+ 8-5(-2- 5 
-6- 4+ 2 
-15-10 + 5 

Here dividing and setting down 5 with sign changed, and 
adding (subtracting) mentally we have sum (remainder) 
0-75-32 + 37 and - 6 brought down, doubling this to 
make first term divisible we have 6 in 150 contained 25 
times ; then multiplying the terms of the divisor by 25 and 
subtracting we have for remainders, + 411, &c.; rejecting 
1376^ we divide again and have quotient, - 2 - 5 ; that is, 
2a + 5b; so that 3 + 2-1 i.e. 3a2 + 2a6 - 6^ is the G. C. M. 
required. 5. Arrange by the powers of a:, double the divi- 
dend ; the quantities then are 

12a:5„ 8a:*-22a:3- G^c^- 6x-2 {A t^ + 23^^lSa^ + S x-5 
-12a^- 6g^ + 54a:8- 9a^ + 15a; -3a; + 7 

-14a* + 32a3_ I5a^ + 9i-2 

2 

-2Sx^ + 6ia^- 30a;2 +i8x-4 
+ 28a;^+14a;3_i26a;g + 21a;- 35 

78a;3 _ 156^.2 + 39^. „ 39 ^ 39(2a;3 _ 43.2 + a; - 1) 

Reject 39 

4a;* + 2a^- 18*2 + 3a; - 5 (2a;« - 4a;2 + a; - 1 

-4a;*+ 8a;^- 2a;2 + 2a; - 2a; -5; le. 

10a;3-20a;2 + 5a;-5 2a; +5 

-10a;8 + 20a;2^5a;^5 



6. The expressions are the same as (y + 4) (y + 1) ; (y + 4) 
(y - 2), and (y + 4) (y + 3) in which y + 4 is the G. C. M. ; other- 
wise divide the first by the second and the third by the 
result. 

7. Arranging we have lia^ + aaP - a^x + a^ and 7a;^ + 4aa^ 
- 2a2a; + a^. Reject a from first remainder and the new divi- 
sor becomes 7a;2 - 3aa; + a^ ; and the quotient is a; + a with- 
out remainder. 

8. Multiply the dividend by 3, the first remainder by 3, 
and when the second step in the division is completed the 
quotient (sign changed, Alg. p. 41) is - 4a2 + 28, and second 
remainder or new divisor, - 135a8 + llOGa* - 723a + 820. The 
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first divisor is then multiplied by 9 ; this gets for new dividend 
135a* - 81a8 + i23a^ - 189o + 252 ; dividing this by the new 
divisor the first term of the quotient (sign changed) is a; and 
first remainder 1025a3 - SOOa^ + 631a + 252. This must be 
now multiplied by 27 to avoid fractions ; we thus get 27675a^ - 
8100a2+ 17037a + 6804. The next term of the quotient 
(sign changed) is now 205, and second remainder 218630a* - 
131 178a + 174904 = 43726 {5a^ - 3a + 4) ; 43726 is suppressed 
as no factor of it is a factor of the divisor. We have then for 
new divisor 5a^ - 3a + 4, and for dividend - 135a^ + 1106a2 - 
723a + 820. The quotient (sign changed) is 27a - 41 with- 
out remainder. 

9. Multiply the dividend by 7; a? is the first quotient; 
the divisor is then multiplied by 11 for a new dividend, and 
the factor 114 suppressed, giving x^-2x + 3 for divisor. 

12. Making the first the divisor we get quotient 1 and 
remainder (jp — g)a?-\-{p — g)a^-{p-q)x-{p'=-q); omitting 
p-q we get a^ + a^-a?— 1 = (0::^- 1) (a?+l) = (a?+ 1) (a?- 1) 
(a; + 1), and then rejecting a? + 1, not a factor of the dividend, 
the greatest common divisor of this and the preceding divisor 
is the highest measure required ; that is a^ - 1 is the G. C. M. 
Otherwise; we have, by resolution into factors, (a^-l)x 
{a?-px + q) and (a* - 1) (pi^ -qx+p); but a;^ -px + q and 
aP-qx + p have no common divisor, so that a:*-l is the 
divisor required. 

13. From the first expression omit 4a^ and from the 
second 2x; then multiply the first by 3 and divide the pro- 
duct by the second; the remainder - 5aa^ + lia^x - 9a^ 
being multiplied by 3, gives - 5a for second term of quotient 
with remainder - Sa^x + 8a^ ; from this omit - Sa^ and the 
divisor is a; -a, and dividend 3x^ - lOax + 7a^f which gives 
the quotient 3a: - 7a without remainder. 

14. First quotient 4a; + 3; second remainder x-5; second 
quotient a? - 2 ; .'. G. C. M. is a: - 5. 
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l9. Here rapplying tbe phce of tlie wuiting powers tbe 
woA will be as under : 



I -H I I ■ I + + 

'^ OS 00 lO O to 33 
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17. Arranging the terms in I'eference to the letter a, the 
fii-st becomea iad (5 + 6) - 7xy {5 + 6) or {iad - 7xy) (5 + 6). 
The secoDd equals 36c {g+ 6) + omp{7 + 6), ov (36c + 6mjj) 
(j + 6). Hence q + 6 measures both, and the other terms have 

18. Resolved, the expreBsionB become P{a^ - «*) - a^(a^ - a^) 
^(l>^-a?)(ai-x^) = a^-^-)(a-i-x){a-x) and iab(a-x)- 
2j^n - x) = {iab - 23^){a - x). Hence a-x meaaureB both, 
the other terms being prime to one another 
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or -}lj{a+l){a-iJ{a+l)}. 

X divisorby 6; 2a* + 1 la J(a + 1 ) - 6a - 6;oiiiitthefkctor ^ x 

DiW8or,a-i J(a + l)\2a2+ 11a ^(a+ 1)- 6a- 6/2a + 12 X 

y2qg- a^/(a^^l) \J{a+l) 

V2aJ{a+ l)-6a-6 
12a^/(fl-^l)-6a-6 

J(a+}). J(a+l) = a+l ) ' 
{-12).4=-6;(a+lK-6)/ 

20. Resolving, (6a- 21)a:2 _ (6a- 21)6*- 9(6a- 21) = (6a 

- 21X«2- 62- 9); (6a- 2lXa:^- 10a); (6a- 21X6*- 2);.-. &c. 
the second £Eictors having no C. M. 



L. C. M., p. 65. 

1. Detach 4a^, 2. The last quantity is divisible by each of 
the others (note, p. 48, Alg.) 3. Omit the factors 3, 5, a, 
6, X] then 7. 1.9. 2. x. 6. a. 3. 5 = 1890a6j;. 4. First 
find G. C. M. ; first quantity x 4-i-second quantity gives x; 
remainder x ( - 4) gives 40a^ - 924? + 48 ; the second term of 
quotient is 5 and remainder - 42« + 63 or - 21 (2a; - 3) ; mak- 
ing this divisor, the quotient is 4j; + 1 without remainder, so 
that 2jr - 3 is the G. C. M. The second quantity -=- this G. C. M. 
= 4jr + 1 . •. first quantity x (4x + 1) = L. C. M. (Art 61.) 5. 
Resolving (Ex. 13, 14, p. 49) we get {x - a){a^ + xa + a*) and 
{x - a)(x + a); ,\x-aiaG. C. M. .-. first quantity 4- (x - a) = a^ 
+ xa + a*; .*. (Art. 6l)(x^ + xa + a*) . (a^ - a*) = L. C. M. 6. 
The G. C. M. is easily found to be jf* + 7 ; the first quantity -^ a^ 
+ 7=a:-3 .-. &c. (Art. 61.) 7. Dividing and omitting 2x^ 
from first remainder, the G. C. M. is a^-a^ .*. &c, 8. Take 
the factors; (x + a){x^ + a^x^ + a*) and {x - a){x^ + a^a^ + a*) ; 
.*. 5^ -f a^a^ + a* is G. C. M. .-. (x + a)(x - a)(ar* + j^a^ + a*) is 
L. C. M. 
9. Re8olving,3a:2_iia. + 6 = 3jp(a:-3)-2(a?-3) = (3a:-2)x 

(^-3) (1) 

2ar2- 7x + 3 = 2x{x^ 3) - (a:- 3) = {2x- 1) x 
(^-3) (2) 
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Resolving, 6aj2 - 7aj + 2 = Sx(2x - 1) - 2(2a; - 1) = (Sx - 2) x 

(2«^-l) (3) 

Now, the G. C. M. of (1) and (2) is «- 3, .-. L. 0. M. is 

(3aj-2)(2aj-l)(aj-3) (4) 

Again, of (3) and (4) the G. C. M. is (3a; - 2)(2a; - 1), .-. 

the L. C. M. required is (3a; - 2)(2a; -!)(«- 3). 
10. Here a;8-3a;2 + 3a;-l = (a;-l)s. (1) 

(a;-l) = (a;+lXa;-l)(a;-l) = (a;+l)(a;-l)2...(2) 
«;*-2a;8 + 2a;- 1 =a2(^. 2a; + 1) - (a;2 - 2a?+ 1) 
= (a;2 - l)(a;- 1)^ = (a; + l)(a; - l)(a; - 1)2 = 

(^+1)(^-1)^ (3) 

a;*-2a;8 + 2a;2-2a;+l=a;2(a^-2a;+l) + (a;2_2a; + 

l) = (a;2 + l)(a;2^2a;+l) = (a:«+l)(a;-l)2..;.(4) 
Now, (a;- 1)3 is G. 0. M. of (1) and (3), and .-. the L. C. M. 

is (x-l)Hx+ 1) (o) 

The G. C. M. of (2) &nd'U)'ia''(x'^'lfi'.'\ihe'L^ 

{x-'iy{x+l){x^ + l) (6) 

And since the G. C. M. of (5) and (6) is (a;- l)^(a? + 1), .*. 

the L. 0. M. requii*ed is (x — lf{x + l)(a;2 + 1), 



VII. FRACTIONS, p. 79. 

1. 1. 2. 3a. 3. 2aca;. 4. 2a. 5. 3a6ar. 6. 5hx, 7. 

1. 8.^. 9.^'. 10. 5- T. 11. I 12. f- 13. n-1. 
x^ 2a 2 4 6 9 be 

U. p.. 15. _?_. 16. -L. 17. J!LZ±^, 18. 1. 19. 
3?M? a + x Oca (m + qf 

1 20.1 2lJ.*. 22.1-^. 23.1-?^. 24. 



(6-a!)«* 4 '4 ay 5 b' "3 06 

\ 25.^. 26. i^. 27.^. 28. ?^±^. 29. 
a 36 — c ooa; w - o a + 6 

t±S^, 30. J^. 31. ^. 32. '^. 33 to 42, the 
a-6 71-2 oc x + 2 

G. C. M.S are ax] 5x~2; 2a2-3a;2. a;-a; a; + 7; a—b; 
«- 1 ; a? - 3 ; 3a62a; j 5a"6V. 43. The G. C. M. is found by the 
following process : 
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3±0-ia± 0+15+ 8 
-3 + 6 + 18-12-39-18 



1 --2--6 + 4+13 + 6 , cEvMor, 
-3 



(-S-2) 6+8-12-24-10 x3 

Diviaor^3 + 4- G-12- 5)3 - 6- I8 + 12+39 + 18(-l 

,3, 4-}, 6+ 12+ 5 

(-^2> -10-12 + 24 + 44 + 18 

«r, - 5- 6 + 12+22+ 9 
(x^ 3 

-15-18 + 36 + 66 + 27(5 
+ 15+ 20 -30 -> 60- 25 

2 + 6 + 6 + 2,or 
3 + 4- 6-12-5 (1 + 3 + 3 + 1, d iviaoR 

^3-9- 9- 3 -3 + 5,or3«-5 

+ 5 + 15 + 15 + 5 



48. 



HcnceiB'+3aj^+ 3aj+l idtbeG. C. M. 

56 a + X 5y* a - 1 

&(«-a;)g 

^, 49, i^^. 50. &(a + i»), 51. 4(j + 3+ 
a 

(a-xf 

f^ . 52, 26a; - 3a + ^^ 53. See Ex, 79, Division, . . . 
2c 

67. — ^ ^. 68. ; 69, 2 -5 — -0, or -5 — :^. 70. ^ 

Ti^r mn a^-OB^ a^-ar 1 - a?^ 

2a? ^. 5^-3ay « 31x a? 

^ T=^' 7a * ^ iT '"^ 20'^2U' ' ' ' 

82, Taking tibe upper signs we kave 



3(1 -a;) ^l+x + a^y 

*» q tt ; taking the lower we find ^r^ . 1 q/, — -- — sr 

1-a;*' ^ 3(l+a;) 3(l-a? + a:2^ 

se - — -^, 84, Multiply each numerator by all the denomin- 

fttors except its own, and arrange tbe terms of the numerator 

by the indices and traits. 85. Proceedii^ as in the last 

Ex. we have for num. 2a;2 + i0a;+ 12- 16a:2_64^_48 + 18«* 

+ 54a5 + 36 = 4a;2 . and for denominator 4(a:*+ 6a^ + 11a? + 6) 

- 4t{x + l)(a? + 2) (» + 3). 8Q, The worit is like that of 84 and 
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85; num. 2oi^ + 70? - 2x^ - 28x - 24: - {3a^ - Sa^ - 8x^ + S2x 
- 16) + a* - 16a:3_4a5 + 64a;= -'a^ + 2x^ + ^x-S= -(x^- 
2x^-4x + 8) = {''X^ + 4:){x'2) = -(a;2_4) (a? - 2) ; and the 
denomr.(4-a;2)(^2«4) =. { ^ a^ + i) {x^ - 4:) = -•{x^-.4)x 

(x^-4)=-(^-4)(.-2)(.+ 2), ... _t;^^f-^l%l'l,^ 

= -. 89. TbecoiD. denr. isplainly {a - 6) (6 - c) (c - a); work- 
up + 2 

ing as in 84, 85, 86, and omitting the common factors the numer- 
ators come out a^ — 52^ 52 _ ^2^ ^ _ ^2^ whose sura is zero. 90 to 9 9 

/t2 __ A2 yyS kns 

see Art 75. 100. V^- l^l- ^- 102. Ja6. 103. -. 

,n. , 11. TT (^-4)(aj-5) (aj-6) (aj-7) 

104. 1. . . . 114. Here ^ / \^ ^ x ^ / ^ ^, ^ 

aj(a;-6) x{x-0) 

= (^-^)(^-7) ^ . . . 125. a2. 126.0?. 127. (a-a;)2. 

128. \. 129. (5L_^. 130. (b8-2 + 4 131. Eeduce each 

,. _ _ _. . , ,«« (ic+ 1) (^+ 2) 

to a fractional form and then divide. 132. ) tt-t rr x 

(sc+l) {x+ 1) 

(aj + l)(a; + 4) aj+2 oj+l x+2 _.^ ^. . , .., ^ 

-i «f4 7( = -X -= -• 133. Divide, without 

(a; + 3)(a: + 4) x+l x+3 x+3 

altering the form of the quantities. 134. Multiply every 

term by 6. . . . 137. Multiply both terms by 

1+x, 138. By simplifying the denomr. ; ^-^~^ — ^ r^. 

139. Multiply both terms by a^. 140. Multiply both terras 

by 18 ; this gives If^""^!'"''^" ,!"'! . To find the G. C. M. of 

ISa^- oax - 12a^ 

the terms, divide in the usual way; multiply the fii-st remr. by 

3, and from the second reject the factor 3a^, then 3x + 2a is 

1 ^ L 

the G. C. M. 141. Reduction of denomr. gets x + x a^ + 1 ~ 



X 



X 

1 1 a^+l 



^^--j; then x x^ + x+l a^ + x+l, 142. Re- 

duction of denr. gives 1 + -^ = -^±_, .-. &c. 143. Here 

X -\- 1 X + k 
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1 



a 4 



2ax 



% 



x^ + a^' 



1 + . = -: and the fraction becomes - 4 - «• &c. 

4-a 4t — a a-l+— — -^ 

4 

144. Here \+x+ -^ « = — = s — . and the denr. 

, - x + a?^a? l + 4x + 3x2 + 23^ 

becomes 1 + := — ^ n~~9 — Zs. = ^i — o o~9 ^ > divide x 

I + 3x+22^ + a^ 1 + 3jr + 2a^ -hor ^ 

by this. 145. Multiply both terms by 1 + 6a, and simplify. 

146. Multiply every tei-m by 1 - a:* i\^q l, q^ Jkj;^ of the denoms. 

147. Multiply every term by a^-l^. 148. Multiply the 

terms by a^-x^, this gives j Q — \ 1-^. 149. Multiply 

( flt + X) "~ {(m -~ X) 

each term of the complex fraction hj oi^-c^: this gets 

the integral part reduced is-g g* *^®^ subtract. 150. Mul- 
tiply the terms of the complex fraction by a5c; it becomes 

3abc - (be ■\- ac ^ ab) ^. ,. . 
1 — ^^ T — ^: then subtract. 

Resoi^ution into Series, p. 89, 
None of the questions present any difficulty. 



VIII. INVOLUTION, p. 97. 
1. 15a2. 2. or, 3. -^ + ^l. 4. bx^a'^. 5. Sb'^x'^ 6u 

-^. 7.6a"-*. 8,x-i=4r' 9. &^-*. 10. a: "i 11.*. 

12. 16ai252. 13. 5/^12. 14. (^a + xf. 15. 4«a^5«. . . . 
17. Applying the binomial theorem (Art. 91, p. 93) we have 
the calculation as on p. 94 ; we have n = 6 and 6 = - 6 in 
the general formula ; hence a** = a® ; na'*~^ b = 6a^ x ( - 6) = 

ar-W = -|-a8 X ( - 6)3 = - 4320a3, &c. 18. Will be more 
readily worked by actual multiplication^ using det coeffs. 
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19. In tlie general formula^ p. 93, for a put 1, for h put a?w 

20. Here — t — x (a + 6)"^; to expand (a + 6)'^ for n in the 

general formula put - 1 ; tlien multiply every term by x^ 
The terms are alternately positive and negative. See the same 
series on p. 85. 21. This is the same as [a + 26)"^; expanding 
by the binomial theorem we get a~^ - 3a"^ (26) + 6a~* {^hf — 
10a-« {2bf + 15a-' {2b)\ <kc. . . . 24. Actual multipli- 
cation is easier with these low powers. . , , 26. Expand, 
as in 20 and 21, (a + x)~^ and double each term. 27. In 
the answer to Ex. 19 for w put n+l. 28. Substituting the 
given quantities for n, a, 6, in the fifth term of general for- 

19 11 10 Q 
mula we hav« i o o / (^T {-^Y = 495a^W 29. Since 

there are in this -case n+l = 17 terms in the develop- 
ment, the 9th is the middle term. This term is plainly 

n(n-l) . . , (n-7 ) ^8^ ^ 1 2,870 a^a^, 30. Here the 

1.2 8 ' 

coefficient of the fifth or (« - 3)c? power in the general 

^ . . nin-l) (n-2) 8.7.6 oi m, j i 4. 

formula is — ^ — Tyo ^^ i — o~q- *^^* •*^^® development 

is obvious: the terms are all positive. 32. 33. 34. The 
developments are similar to those above given. 35, 

;c~*=-V. 36. a;^2. 37. a:2. 38. 4- 39. 125#. 40. 
Jx a^ 

l^.a*^ 41. a8. 42. 64a-«6». 43. i . a*. 44. -aiOa;« 
45. ^ . a* 46. af*. 47. oT^'h^^c^. 48. Jx, . . . 50. ^- 

^ -f - + -i+«. 51. a^x^^ + 2a3^"« - ahx'^ + «-«*»•*•»). 52. V^"^ 
or X a ^ 

53. The development is (3a;)«+6(3a:)5. 2y + 5^(3a;)4.(2y)2 + 
6.5.4,« \o /o \^ ^•^•4:.3,„ .„ ,j, .. 6.5.4.3.2 

nTTs^^*)" • j2y)' + rT:T74(^^) • (2^)* "^ 1x3:45 '^ 

15-2; 5-*; 10-3. 56. (a + 6)T .57. J_. . . . 60. Adopting 

X 

the third form of the cube of a trinomial (middle of p. 96), we 
have [(a;2- 2^) + iy = x^--8x^+l + 3^*(-2^+ 1) + 3(2^)2 x 
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(x^ + 1) + ^x^-2x) + 6a:2( -^2x){\) = af^-Sj(^ + l + 3x^-6x^ + 
I2x^ + I2x^ + 3x^ -- 6x - I2a^ = afi - 6x^ + I5x^ - 2Qa^ + I5x^ - 
6x-\-l, For the second, taking the form at the foot of the 
page, we have {l-3x + 3it^''a^Y = l + 2{~Zx + 3x^-iJc^) + 
9x^-6x{3x^-a^) + 9x^ + 2{^3x^) + a^=l''6x + eit^''2x^ + 
9x^-l8x^ + 6x^ + 9x^-6x^ + x^=l''6x + l5x^^20x^+loix/^ 
- 6x^ + a^. These results can be more readily obtained by 
using detached coefficients ; but the method has much 
elegance, and it is useful to practise it. 



IX. EYOLUTION. 
A. Op Simple Quantities, p. 101. 

1. - 2a^h^. 2, 3h^x. 3. a;^ 4. a?. 5, 2a* 7. - 5dtl^. 

... 11. 1^^. 12. x[, 13. a-». 14. a^b-^x^. J5. 15. 

.3a%Vi. 16.,^. 17. >. 18. 9a-V^^)(2-a^)-^ 

20. ^^^26-"$' '' ^^' ^- ^^' ^- • • • 2^- (« + aj)8. 25. 

Zah^-^. 26. ISx^'-'a-^. ... 28. ^^—^. 29. 
^ ox\a + X) 



B. Compound Quantities, p. 116. 

... 4. 4ic*-16a:3 + 24i»2-16a; + 4(2a;2_4a; + 2,Root. 
2cc2 4a^ 



k 



2x^ 




-16a^ + 


24a;^ 


4ir2 




-16*3 + 


Ua^ 


— 4a!: 


8x2-16a? + 4 


4a;2 — 4aj 






8a?2-l6a? + 4 


-4a? 









4a;2-8a: 






+ 


2 






4^2- 8« + 


2 
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53 



5. The work is tlie fiame as in No. 4. 6. Here 2ofi = 2 
is a higher power of x than - ssa?-^; • *. the arrangement is 

X 
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8. The work is the same as in 4 and 5. 
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IL 



1 
1 



Boot, l-3 + 3-l;t.^.. a^-3aa^ + 3a2a;-l 

1-6 + 15-20 + 15-6 + 1 
1 



2- 
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3 
3 

6 + 3 
+ 3 



2-6+6-1 
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have g* = ~-^; hence the condition ifi that we have p^ = 4ay, 

or p^a^ = 4a^q^3i^y that is, a trinomial quantity will be a com- 
plete square whenever four times the prodiLct of the first and 
last terms is eqiud to the square of the middle term. Similarly 

3i^±px-\-^ is a complete square. (See the subject of Quad- 
ratic Equations, Sects. XIV. and XVI.) 

14. 











2a:- 5, Root 












8a;«-60x2+ 150a:- 125 


2x 




4aj2 




&r8 


2x 




4ar2 




-60a:« + 150a:- 125 


2x 




ai^ 




-60a:2 + i50j:-125 


4x 




12ar2 







2x 






-30ar + 


25 


6x 




12a:2. 


-30j? + 


25 




5 









Here 12a:2 jg the trial divisor, giving— 5 for the second part 

of the root; 6a5-5 multiplied by this gives the rest of the 

divisor. It is obvious by inspection that 2a? — 5 is the root. 

- , ac a h 

15. It is obvious, on inspection, that the root ^ j-^ — ^ i 

but it will be a useful exercise on the role to work the ques- 
tion at length. 
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The trial divisor - , ^ ar* is found by multiplying the sum 

in the first column -r- afi, by the first term of the root; the 

first term of the remainder divided by this gets — x for the 
second part of the root, which is annexed in the first column, 
and the sum multiplied by - -a?, to find the other two terms 
of the trial divisor. 
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16. The cube root plainly is {a + l)^x + 2ca'. 
shall find it according to the rule : 
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21. Ordering the terms by tbe powers of a, the work, with- 
oat the letters, is as follows : 

1-2, !.«., cT - 2aa?*, Root. 
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1-1 + 2 Root. 


23. 
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24. 
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Hence, in order that there may be no remainder, and the 

given quantity a perfect cube, we!" must have c = 5-^, d = ^^^l 

and these are the required values of c and d, 

25. Let the complete cube be represented by (aac + b)^, 
then this expression is identical with the given one, ma^ + 
nx^+px + q; so that comparing the terms of the develop- 
ment of the former with those of the latter, we have m = a^, 

n = Za%p = 3ah^,q = b^, hence^ = ^-^g-^^ = ^ = ^ ; .-. mp^ = 
qn\ Also, n2 = 9a*62 = 9a* x ^ =3a^p = 3mp. 

D 
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C. Br THE Binomial Theobem, p. 118. 
26. Here developing by the binomial theorem (Art 91, 
p. 93), we have (6* + ar)* = (ft*)* + iib^'f^x + ilzi)(62)-ta:2 + 

£ j^ ^3 5x* 7^ 21j:g X a? 

26 "■ 8^ ■*" 1665 " 12867 + 2o66» " 10246^ " "*" 26 " 2:4^ "*" 

Zt? 3.53:* 3.5. 7g5 3.5.7.9j:g 

2.4.665 2.4.6.867'*'2.4.6.8.106» 2.4.6.5.10.126ii + 

- "^ 26 236» 2*65 "■ 2767 "^ 286» 2^611 

27. Here (62 + x)-i= (62)'* - 4(62)"*ar + li.^-^t)(52)-*^ . 

-J(-f)(-|W -{^ ^ _i.^ _j^, 8.5x3 
1.2.3 \r) ^ <^*-' i^ 26*^2.465 2.4.667^ 
3.5.7ar* 
2.4.6.86» "^^ 

28. (l + l)* = l+J-i + T?ir-Tlir + Tk-&c. = l + i-A 

1.3 1.3.5 1.3.5.7 1.3.5.7.9 

'*'2.4.6 2.4.6.8'^2.4.6.8.10'"2.4.6.8.10.12"*" 

29. The coefficients are the same as in the last example. 

1 ^ 1 

30. Substitute 1 for a, and for n, then (1 + «)• = 1 + -^a: + 

^\zl)^ , Xi-l)(.^-2)^^a-l)a-2)a-3) . ^ _ 
1.2"^^ 1.2.3 "^^ 1.2.3.4 * *"•- 
1 + ^^ "-1 « , (»-l)(2'>-lU ( n-l)(2n-l)(3»-l ) 
^■^n 2»2 "^ 273i? 2 . 3 . 4n* 

«* + <kc. 

31. (a + a:)* = a5 + |a-'« + x-y«'*-^ + *^f^|^=|^"**' 

•^ "^l"2.3.4 ^ '-'^^•^ ^- =**-^3^-9al^9i^- 
4 . 7x* 4.7. 10a:6 4.7.10. 13a« , 

92. 12a V 92.12. 15a V 92. 12 . 15 . 18a V 

32. The work is the same as that of Ex. 2, p. 116. 
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33. The coefficients are the same as in Ex. 27; the powers 
of the letters are (c^)"!, (c2)-^a?2, (c^)-^ (kc., or 74-=-, 

34. Development as in Ex. 33, but terms positive. 

" ' " 1.1. n + 1 



35. Here+ """^7^ ^) = h-^^x (^ ^.) ^ ^-^ 



1.2 " " 1 . 2r* ^ n^ " 1 . 2n " 
/ l\-^:tJL ^"^"^ / '-^-2 >^ _ w+l /-2^i-l\ 
^'"ri)-'^^'' "^ 2/^2- V 3 y" "^"l^i^- V 3n >/ " 

^. ,. (w+1)(2w+1)(3h+1) , 
coefficient is + ^ -^ — « — j-^j ka, 

36. Here(l + 1) -1+^+ ^ ^ + 25 "X" ■*" TSF ^~4 

37. The coefficients are here as in Ex. 26, 33, <fec. 38. 

VA 4 4^ 4(1) _9 o #(tX-#) -» ^ 1 4 

(a + a;)t = a' + ^^a; + |^ »a:* + ^^^^^--^"t^ <fec. = a' + 

4ata; 2a;« 4a^ 5a^ , 4 1 . 4ai 1 . 4a:2 

-3-''"9^-8n|-^243^! ^'- = " •" ~3-^ "^ 376^ " 
1.2.4iK8 1.2.4.5iB* . 1, 1.4.05 1.4.a:« 

3.6. Qaj'-S . 6.9. 125f "^•-*''i'^'*"~-3~ "^ 37675" 
1. 2. 4.a:8 1 . 2. 4.5.a^ 

3. 6.9.a2 + 3. 6.9.12.a8 *^*^ 



X. SURDS, p. 128. 



... 10. Here f -7- 1- = 4-, the required index. ... 12. a = 

(al)1.-. <fec. 13. 9^ = (32)^ =33 = 27. 14. > = a^;i-^i = 
f, the index required. ... 16. 8a^ is the common factor. 
, . , ^^, The factors of the num. are (a - ^xf and oa?. . . . 
28. Multiply both terms of the first fraction by ^c, and both 

terms of the second by Jdy giving [-^-^2 ^^^)'> ^^^^ ^" 
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move the common factor -«-^ ... 30. The fkcton are (a + 

6)^ and 3<?. 31. The &ctors are (y-1)* and 2ji. . . . 40. 
il^if = ^4/Hi = r.i-5^(8-18) = ^-5^18 53. V^* = 

Vi = W3, .-. Ac. . . . 61. (4««)* = (2a)*;(8a3)^ = 
(2a)f , Ac. . . . 66. 486 = 243 X 2 = 35 X 2, Ac . . . 
77. .^ V«5^. _ =^ Va6+ ^— = ^x 

/a-^^+26\ ^ 1^ ^-^ _ 100, 101. The detached coeffs. 

11 IS 

roayhere be used with advantage. . . . 115.72'^^ 3^ = 72^-=- 3^^ 

^j2^^gi = S^ = {2^f= V2....119.(n«-m2)*= J{n-m] 
J{n + iw); and w - »» = J{n - tn) ^/(n - m) . •. J{n - m] 

divides both terms. . . . 122. a^ ^a^ ^c^ ' ^ = a^. . . . 

1 
126. 2 = 32^, .-. &c. . . . 129. The quotient has the same 

form as in Ex. 78 in Division ; and the detached coefficients 

ma J be employed ; the indices of a diminish, and those of x in- 

1 IS. 

crease by ^ in each tei-m. . . . 137. Here 2{a^l^)^ = 2arb^ ; 

1 15 2 5 1 

a\a%^)^ ^a^ b^ = a^b^; the work .-. is as follows: 
J - b^y - 2Jb^ - ah^ + 2b^{a^ - 26^ ; or, a^Ja^2 ilV^ 

5 1 ^ 

18 18 

9J 



-2a'6^ + 26T^ 

18 18 

-2a^6^ + 26^ 

138. It will at once be seen, without performing the division, that 
the other factor is a + Jb, 

140. a^-2a^ + 3a^-4)4a^-9a^+14a-19a^ + 4aW^-a^ 

7 8 

4a^-8a^ + 12a-16a'^ 



7 

- a^+ 2a- 

7 

- a^ + 2a-' 


3 1 
Sa^ + 4a"^ 

3a^ + 4a^ 
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141. Assume Jx-\- Jy = \/{7 + 4: J3), then squaring we 
hB,ve x + y+2 J^=7 + 4: J3; .*. (Art. 102), x + y = ly 2 

ViC3/r = 4V3; .'. + Vic^ = 2V3, .*. xy = l2; also, a^ + 2ocy + y^ = 

49, and ixy = 48 ; .*. (a^ + 2xy + y^) - ixy = x^- 2xy -{.1/^ = 1; 
and .*. x-y=l; but x + y=7y .; a; = 4 and 3^ = 3. Substi- 
tuting these values in the expression Va? + Vy we have Va; + 
Vy = 2 + \/3, the root required. The same result will be ob- 
tained by substituting in the final formula, p. 124, 7 for a 
and 4V3 for 6, we thus get 

.. .143.AssumeVa3- Vy = V(17- 12V2);.\squaringiP + y = 17, 
2'^xy = 1 2V2 ; . •. V^ = 6V2, and ary = 7 2 ; . •. 4xy = 288. Also, 
^2 + 2a:y + y2 = 289, .-. a;2 ^ 2a^ + y2 « 4a;y = 289 - 288 = 1, 
anda; — y=l; buta; + y=17; .'. x = 9, y = 8. Hence, Va? - 
Vy = 3-V8 = 3-2V2. . . . 145. Here we find in the usual 
way x + y = ^y ixy = 2.\x^- 2xy + 2/^ = f-2 = ^, and x — y-\ 
but a; + y = f .'. a = 1, y = ^; so that the root is 1 + \/|^ = 1 + 
iV2. . . . 

147. Here (Art. 114, p. 125), V32- V24 = V2(4- V12).\ 
J{ JZ2- ^24)= ^2 J(4- J\2). Now, ^(4- ^12) found 
as in the preceding Exs. is ^3 - 1 ; .-. ^2 ^(4 - V12) = ^2 
(^3-1):^ 4/2( *^9-l)= */18- y2,forV3= \J9. The 

given surd is of the form Va^c +V6=Vc(a+V); and if 

a* — beacompletesquare,thenVf a+ V-) may be expressed 

in the form Va:+ Vy; that is, the square root of Va2^+ V6 
will be4^c(Vaj+ V^/). In this case a^ = \Q, c = 2, 6 = 24 .•. 

a* — =16-12 = 4a perfect square. It is obvious that if in 

the general formula a* — be not a perfect square, the surd 

will not be reducible to a form more simple than the given 
one, V(a + V6). The same result will be obtained by substi- 
tution in the general formula p. 124; thus V( V32 - V24) = 
VV32 + V(32 - 24) / V32 - V(32 - 2i) 
2 V 2 - 

^V3^8^^ 

-V4)=V6-V2. Now, V6= V2x V3; .-. V6-V2 = 



\ 
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V2(V3 — 1), and the square root of this is as before, 4^2 

(4/9-1)= i/l^' ^2. 

149. For a put 94, and for Jb^ 42 ^5, in the general 

- , , , 94+7(8836-8820) 
formula, and we nave x = ^ ^ ^ > y = 

— — ^ 2 "^ <>r, a: = 49, y = 45, .-. ^a?- ^y^l- 

3^5. 150. Here3 J5+ ^40= ^5(3+ V^) .*. n/{n/5(3 + 
^8)} = 4/5 7(3 + J8). Taking the square root of 3 + ^8 as 
in the preceding Ex. we find a: + y = 3, and 2 J xy - J 8 
.'. ion/ = 8 ; also x^ + 2xy + y* = 9 .*. (a? + y)^ - ^xy = 1 and x - 
y = 1, but x + y = Z .-. ic = 2, and y = 1. Hence ^5 7(3 + 7^) 
= 75(72 + 1)= 75(74+1)= 720+ 4/5. 151. 727 + 
276 = 373 + 27273 = 73(3 + 272), .-. 737(3 + 272) 
= 73( J^ + 1)> ^^® latter factor being found as in preceding 
Ex. Now 72= 74 .-. 73(72 + 1)= 712+ 73, the 
root required. 152. Substituting these values in the general 
formula we have, 

>/(473^6) = >^/^^/^^ >/(4S^36)^^473- 7(48^36) 
_// 473 + 273 ^ // 473-273 

= V(3 73)/ 7( 73) 

= 7( n/9 n/3) + 7( n/3) = 727 + 73. 

153. Assume 7(8 + 2 72 + 2 75 + 2 710)_= Jx+ Jy+ Jz 

..\8 + 2J2 + 2J5 + 2Jl0 = x + y + z+2Jxy + 2y/^-^2Jxz 

put 27^^=272, 2Jyz = 2J5, 27^ = 2710; hence 

V(a^) X V(y«) = V2 X V5 = VI 0; also y/xz = VI 0, now \/{xy) 

X J{y^) = ys/s^ = yJ^O; .% y710= 710, and y = l, hence 
we easily find x = 2,z = 6. Now (Art. 115) these values 
satisfy. the condition a; + y + « = 8 ; the required root there- 
fore is 72 + 71 + J^> or 1 + 72 + 7^- The square of thia 
is the given quantity. See formula p. 96. 154. Proceeding 
as in Art. 1 16 we have 7(100 - 108) = a^ - y, that is - 2 = 
03^ - y and y = aP + 2; if now we cube the quantities 7(^^ + 

7 108) and x+ Jy we shall have the rational parts equal 
(Art. 102), that is 10 = aj^ + 3icy = a^-^ + 3a;(a;2 + 2), or 4a:8 + 60? 

= 10 ; an expression which is satisfied by the value a5 = l ; 
this gives y = 3, and the required cube root therefore is 
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1 + ^3. 155. We have here as in the last Ex. J/(256 - 
320) = a^-y.". ^-64 = a^-y, i.e., -i-x^-y^ and y = a^ + 4.^ 
Also \&=a? + Zxy (Art. 102) .-. IQ ^ a? + Zx{a? + i) = ^a? + 
\2x. Now this expression 4a^ + 12a; = 16 is satisfied by the 
value a; =1; but 16=a^ + Sa^ .% 16 = l + 3y; .'. 15 = 3^/ and 
y = 5; and hence the required cube root is 1+ ^5; since 
according to our assumption 4^(16 + 8 J 6) = a; + Jy, 156. . . . 
... 160. The multipliers are a- Jb; -5 + a/I; J<^- J^l 
a.^-cjd; 9-2-^/10. 161. Multiply both terms by 

^3 - 2, then-5^3^ = 2-^3. 1 62. Multiply both terms by 

2+ V2;thisgives(4 + 3V2)-(4-2) = 2 + fV2. 165. Mul- 
tiply both terms by J2'-3 J^ ; this gets for the numerator 
Wl-f ^i = i-4 = -i; for the denomr. 2-9x^ = 2- 
H='2i; then(-l)-(-|) = ^. Or thus, Uk = i^^. 

1 72 
and ^ fJi = ^ J2; .% the expression becomes .J' "^^ .^^ 

/2 11 

multiply both terms by 4; then 4 /2 + 6 /2 " 4T6 " lO' 

163, 164, 166. The multipliers are J5+ J3; b- Jc and 
Ja+ Jb. 167. Here (Art. 117) a-5, 6 = 2, w = 3; .-. 
5'a""'+ ;;ya"'"'6 + <kc.= y25 + yiO+ y4 which is the 
multiplier i-'equired. Multiplying, the denomr. becomes ^125 
- ^8 = 5-2 = 3; .-. &c. 168. Multiply both terms by^ 
(1 +«); then 

thus, reduce both terms in the usual way, the n ,., — ^r — -^ 

v(l + ^) 

l/aS") ^ = ^TT$ = ^^(^ - '")• ^®^- Multiply both 

.^ ,., . ^, x + a-\-x-a+2 Jia? - a^) 

terms by the numerator : then 7 — ^^-^: ^ = 

a; + a--(a; — a) 

2a; + 2 J {x^ - a^) a;+V(a^-a2) 3. /o^^d^ x 
2S = ^ ^a^y ^:^— =- + 



a~ a 



V: 



-g-l. 170. Multiply both terms by the denominator 



W KKT TO 






XL ABITHMEnC OF IMAG£!!rABIEB; pi 135. 



Ex: 9. The fiKton are 2 ^/3 ^CIl aad 3 Jl JZTi ; lieooe 

Oie prodnei is 6 ^6 X f - 1 ) = - 6 ^<6L 
10. The woriL is as Mlon : 
# + 6V-l 

If^ + Oft^-l 

fl6V-l-fi* 
a^ + 2fl6V-l-^ 






15. -i + K=^ 



-i-iV-3 

i + iV-3 : 

-iVC3 + f 



1 

In cubing the other expresedon some of the signs will be differ- 

fi / _1 % 
ent, but the result'is the same. 1 &. Here -n-r-? = 3v f = |V 3. 

17. Multiply both terms by the denom, with middle sign 
changed, i.«., by 1 + V^ij this gives — _ =V - 1. 

18. Here 100 is made up of th e sq uare numbers 36 and 64 ; 
the feotortr.' ire,^V36^4^y64V-J,.iBuidV36-nV6WIT; or 
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6 + 8vTX and 6 - 8vTT, <kc. 19. The product of the ima- 
ginary factors is ^2 ^ ^2 .^ ^c^ 20. Multiply both terms by 
a + 6V - 1. 21. The product of these factors is 576 + 49 = 
625 = 252 = 242 + 72. Also their conjugates are the imaginary 

3-V3r2 
factors of the same quantity. 22. Here ^ ' » , — : x 

2-3//i:2_6-iiv"r2-6^iVi:^_v:r2^v2 . 

2-3V.-2 r+T5 22 ~2~~ 2 '^"^• 

23. We have here merely to add the indices. 24. Multiply 
the index by n. 25. The expressions, or their conjugates, 
produce when multiplied together the same result as in 
Exercise 21. 



XII. SIMPLE EQUATIONS, p. 145. 

1. Numerical EquAT;[0NS. 

26, 29. See the remarks on Ex. 6 and 4, p. 140. 33. 
Multiply by 4a?, and by a;+ 1. 34. Multiply by 15 ; trans- 
pose; multiply by Ix.-r 6. 35. Multiply by 15, then 
13(a; - 5) = 9a;+ 15. 37. Multiply by the denominators, 
separately, simplifying. 47. Multiply by 30 and transpose, 

then Y — + 6a; = 47. 48. Multiply first by 3 and then 

by 12. 49. Multiply by 10, by 3, and by 23, incorporating 
at each step. 50. Multiply by 5, by a: + 1, and by 3 ; then 

^ _^ 240a;g + 303a ; + 63 .. f,. rr a ^^ 

- Oa; - 75a; + 5 ^ =45. o 1 . Transpose, double 

the terms of the right member, x by 2, then a;— -5 ^ = 

"" ^ "1 - or -^ s=^7 r\- ^2. Multiply both terms of 

a;-l 3a;-2 3(a;-l) ' ^ 

the first fraction by 3, of the second by 2, and of the third 

by 5 ; then multiplying by 1 1, we have :— + 2 - 

•|a;=12 + ^(a;-'l) which is easily solved. 63. Multiply by 
12, transpose 4a;, multiply by 3, reduce the first fraction, 
incorporate ; then (1 7a; - 32)30 = 468a) - 792. 54. Multiplying 
by (a; + 2)(a; + 3), we get 4a; + 12 + 7a; + 14 = 37. 55. Multiply 
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by 28, transpose, incorporate, then lo4aj + 294 = 49(3aj + 7). 
56. Multiply by 28, transpose, incorporate, and 98a; - 42 = 
14(3a;+l). 57. Subtracting, in each member, the second 

fmction from the first, we have ^^^J^ ^ = ^^ ^^J^ ^ ^. 

58. Transposing -153; - -8753; - -06253? = - 1 - -2 - -375 ; 
or, -153;- -93750;= - 1-575, or -'78753;= -1-575. 59. Mul- 
tiply by 7, by 9, transpose 14 and -72; multiply by -4 
and 8I3; X -4 + 633; + 126 = 58 x -4. 60. Multiply by -5, then 
-63; - 'I83; + -05 = -23; + 4*45 ; or, •6» - •I83; - '23; = 4-4, that 
is -223; = 4-4 and x = 20. 



2. Literal Equations. 
... 73. a-5 = (a + 6)3;-2.-.a;-2 = -\ = ^.-.3;2 = ^ 

and x= \/ 7 ... 79. Clearing and combining, ax + bx = 

cto+~r .'. abx + i^ = abc + a^c. Hence, separating the fac- 
tors 6(a + 6)3; = ac(a + 6), or hx = ac .-. <fec. . . . 83. Multiply 
by the L. C. M., a{a + hf\ then Za%c{a + hf + a%'^ + 
(2a + h)lM^a + 6) = 3aca;(a + bf + b{a + b)^x ; transposing and 
separating the factors we get x {^ac{a + b)^ + b{a + b)^ - 
(2a + 6)62(a + 6)} =3a*6c(a + 6)2 4-aW, sepai-ating the factor 
a + 6 in the left member and a% in the second, this becomes 
3<a + 6){3ac(a + 6)2 + 6(a + 6)2 - (2a + 6)62} = a26(3c(a + 6)2 + 
a6} now b(a + 6)* - (2a + 6)6^ = a26; therefore 35(0 + 6) 
(3ac(a + 6)^ + a^6} = a*6{3c(a + 6)* + a6}. Now both sides of 
this equation are obviously divisible by a and by 3c(a + 6)* + 
06 ; dividing we get x(a + 6) = a6. 

3. Equations with Surds. 

... 91. Squaring, 3; + a = 3; + 2a ^3; + a'* ; .% ^(1 — o) = 
^3?.*. (fee. 93. Square, transpose 1, square again, <kc. ... 98. 
Squaring a + 3; + 2 ^(a2-3;2^^^_^_52^ 99^ Clearing and 

transposing J{7x+ x^) = l -x; .-. &c. 100. Clearing, &c., 

J{ax + a^) = x " jja .-. <kc. . . . 102. Clearing we have 

4a6 + b J X + 4:aJ X + x = 606 + 3b Jx + 2a Jx + x .-. 

2a ^x = 2a6 + 26 Jxy .-. (a - 6) ^x = a6. 103. Clear by mul- 
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tiplying n/o^- h by JcZ + 56, and Jax- 26 by ^ax + 36 ; 
then ax + 46Vajr-562 = aa: + 6VSi- 662.-.36Vaa:= -62 \ 
&c. 104. Employ the pi-inciple of Ex. 3, p. 139, then 

—, = — = ^^ .-. <ka 106. Here y/{5x + 10) = V5a: + 2 .-. 

5a;+ 10 = 5a: + 4 V5i + 4. •. &c. 107. Similar to 99. 108. 
Kaise to fourth power, transpose - 1 and cube both sides 

a — aj 
V(aJ + a) .*. {x + a) + x-a = 2x .', ^/(x + a) = x + a ,\ 1 = 
^(x + a) .'. <fec. 110. Similar to 108; square, transpose, 
cube, transpose again, square again and transpose 20; then 

^(3a? + 25) = 6. \&c. 111. Clearing we haveo; + a* - (ic^ - x)i = 

-^ r. X'--^={aP- x) ; divide by x\ then «' - ^ = (a: - 1) 

square and a;-ar*+^ = aj-l.*. &c. 112. Here (Note, p. 32), 
V3a? + 4 is a factor of 3a; -16, the other factor being 

V3^-4,.-.V3i-4 = a+~5^^.-.a(V3S-4) = a2+ V3i- 

4 . *. (a — 1 )( V3j5 - 4) = a^ . •. <fec. 113. Here both sides must 
be cubed ; to do this most readily use the form in Ex. 4, p. 
91, and Ex. 13, p. 142. We thus get (a + a;)« + (a - a?)* + 
3 V(a« - x^f { V(a + xf + •/(« - xf) = 27(a2 - a;2). For the 
factor within the brackets use its equal, the right member of 
the given equation, and we have (a + xf + (a - xf + 
3 »/(a« - a2)2-3 V(a2 _ x^) = 27(a^ - 7?). Now the product 
of these two surds is the first power of the quantity; so 
that (a + xf + (a - xf + 9(a2 - a;2) = 21 a^ - 27a;2. j 14. simi- 
lar to Ex. 14, p. 143. 

115. Here as in Ex. 113, 1 + a? + 1 - aj + 3 V(l -a?^) 
{ V(l + «) + V(l - ^)} = 2. Then, substituting ^2 for the 
part within the brackets, we have 2 + 3 ^(1 — a?^) x ^2 = 2 
.-. (27-27*2) . 2 = .-. a;= 1. 116. Use the artifice of Ex. 

3, p. 139, and Ex. 11, p. 141, then i^||±i) = | .-. &c. 117. 

52 
Employing here the same artifice and since 6^ = y we have 

V(2(^ + g2 ) = pZl ^y omitting 2. Squaring and actually 



V 
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dividing in left member, ^ 2 + ^ = (as^IT / * transpose 

A A ^ ^ *V ^^ (62+1)2 (62-1)2 

and reduce to com. denr., then ^-^^^^^ = ^^^-^, - Jj^ = 

452 2ax + a^ (62-1)2 .,, a2 

779 — TTo • '• 5 — = — 779 — ^^ -^dd -3 to the left member 

(6^ - 1 )^ a^ 4to^ a2 

and its equal 1 to the right, then ( j = ^ . ^ ^ + 1 = 

(62+1)2 a + a? 62 + 1 /m i\ 07. or 

^ .,0 .'. = -ST- ••• 26a: = a (62 + 1) - 26a .-. 2bx = 

46^ a 2o ^^ 

a(62-26 + l) = a(6-l)2 .-. &c. 118. Transposing the first 

term of left member, and squaring l-a:+ V(l+a:) = l+a!;+l 
-a?-2V(l-a:2); or 1 +«- V(l +aj) = 2 V(l -fic2) . ^^^^^ 

by V(l + re) .*. y/{l + x) - I = 2 \/{l - x). Squaring and incor- 
porating, - 2 V(l + a;) = 2 - 5a?, .*. <kc. 

119. Transpose the second term to the rig ht side and 
square; then(l + a)2 + a5 - aa; = 4a2 - 4a J(i^af + {l + a)x + 
(I-a)2 + a; + aa: .-. 2 J(l - af + (1 + a)a? = a?- 2(1 -a) .-. 
4(1 -a)2 + 4a: + 4aa: = a52- 4a: + 4aa?+ 4(1 -a)2 .•. &c. 

120. Transpose; x J(d^ - 1) = a2 ^(1 - a? 2) - J(a^-x^); 
square, a2a32 _ ^.2 _ ^4 _ ah^ + a2 - a?2 - 2a2 ./(I - x^){a^ - ar2) ; 

transpose, 2a2 ^(1 --x^){a^'-a^) = a* + a^ - a^x^ -* a2a?2 = (1 + 
a2)a2 _ (1 4. a2)^2aJi = (] + a2)(a2 _ ^2^2) = (1 + a2)(l - aj2)^2, i^ 

this form both sides are divisible by a2j and J{1- x^); hence 2 ^^ 
a2 - aj2) = ( 1 + a2\ V( 1 - a;2) ; squaring, 4(a2 - a;2) ^ ( 1 + ^2\2 . 

1 -02)^(1 +a2)^xl+(l+a2)2x(-a:2) = (l+a2)2 ^(1+^8)2 

sb2; transpose, (1 + a2)2aj2 - 4a;2 = (1 + a2)2 - 4a2; or, {(1 + a2)2 
-4jaj2 = (l+a2)2.4a2; now, (a2+ i)2_4a2 = (a2- 1)2; and 
{(a2+l)2-4.}a^=:(a2 + 3)(a2-l)aj2 .-. (a2 + 3) • (a2-l)x2 = 
(a2 - 1)2 .-. (a* + 3)a:2 = a^-l .\ &c, 121. Squaring wehav« 

6 c 9 . / 6c _ / 46c _ / 6c 

a + x "*■ a-a;^ V a2-x2 - Va2-a:2 "^ y^ ^2_^2' 

hence + = .*. &o. 122. Squaring, - — ^ + — 7 + 2 

a + aj a-x ° x-l x+l 

123. Square, reject a?, divide by 4 and ti-anspose, then 
V(6aj + a32) = a5-a + 6; .'. bx -\- a^ = a^ -- 2ax + 2bx •{■ a^ + b^ - 
2ab, and (2a - 6)a7 = (a - 6)2. 



{ 
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XIII. SIMULTANEOUS EQUATIONS OF THE 

FIRST DEGREE, p. 159. 

10. Multiply (1) by c? and (2) by a to eliminate ;r and find 
y; then (1) by /and (2) by 6 to find x. 11. See note, p. 25. 
19. Multiply (2) by 20 and add, to eliminate y, 21. Simple 
expressions are found by squaring each. 24. Here (m^ — 
7i^)x = (mh - na)xy ; or, m^ — n^ = {mb - na)yy <kc. ; or thus, 

= Tna - nb without first clearing. 29. Tmnspose x 

and square in both ; y is then easily eliminated and x found. 
31. Clear (1) and equate the values of ax, 32. Multiply the 
teiTDs of b{x + y) = a{x -y) by x + y; then b{x + yY = 0'{x^ — 

y*) = ac from (2) .*. (a? + y)^ = -7- = — ; hence x + y = ayj~. 

(3). Again, multiply hj x-y and b{a? - y^) = a{x - y)^ ; or 

be be c 

bo = a{x"yY; .% {x-^yf = -=-^ and a;-3^ = 6V^ (4), 

then combine (3) with (4). 33. Clearing and transposing 
(ab + bc)x + <icy = a5c...(3); a<xc-{ab - bc)y = a6c...(4); multi- 
ply (3) hyab-bc and (4) by ac; then x{a^b'^ - 6V) + ac(a6 - be) 
X y — (06 — bc)abc. . . (5) ; a^c^^? - ac(a6 - bc)y = ac • abc. . . (6). 
Add (5) and (6), collect the coeffs. of x and divide. To 
find y, multiply (3) by ac and (4) by ab + 6c, and proceed as 
in finding oc 34. The first reduced becomes 1 la? - 7y = 0. 
35. The reduced equations are 4a? + y = 17; and 2a;-3y = 
— 9. 36. The equations reduced are 21y - 13a: = 3 and 9y + 4.x 
= 30. 37. From (1) («« - 62)5^. + (^2 _ ^)3y = 8^2^ . 2abK.,{3); 

multiply (2) by 3 and transpose, then (a2-62)3y + 3(a-f 6 
+ c)bx = da^b + 6a62 + f^^. . . (4) ; subtract (4) from (3), (5a2 - 

Sb^^Bab" 36c)« = 5a^ - Sah^ - ^^; or, (5a2 - 8b^ - 3a6 - 

Zbc)x = 06 ^5a - 86 - ^^ = ^^(^a^ - Sb^ - 3a6 - 36c). \x = 

^. Substitute this value in (3), then 5a6(a - 6) + (a^ - 6^) x 

3y = 8a26 - 2o62, .-. (a^ - 62)3y = 3a26 + 3a62 = 3a6(a + 6). 38. 
Here 3^ : 3^ : : 20 : 21. The cleared equations are lOx- 
ISy = - 2, 308* - 31y = 2032. 



w 
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39. Substitute in (2) the value of a: in (1) then 10-4888- 
•56y-f- 13-81 21y = 763-4 .-. 13-2521^ = 752-9112. 40. Sub- 
stitute in (2) the value of as in (1), and multiply the result by 
he .-. c(63 - (?)y = 26* - 26c8 - ac8 + afts = (a + 25)(6S - c^) .-. &c. 
41. Multiply the members of (1) by 3, transpose; multiply 
again by 9 - 2^ ; then 218y - 13af = 999. Again multiply the 
members of (2) by 18, transpose, multiply again by 4ic- 10 
and 12y + 4a; = 388. 42. The reduced equations are 1 01 la? - 
6382/ = 1335 and 9a; - lOy = - 27. 

.o Ti/r 1.. 1 /IN V. oA 35rc + 120y 12y+24-6a; + 4 
43. Multiply (1) by 20; g ^ ^ g = 

• Qaj 
100- 7- clear, transpose, divide by 180; and 5a; + 5y = 23. 

3a? 

In (2) the last ratio is that of 63 to 7 or 9 : 1 ; hence, -^ + 

1^ + 1 = ^-^1 + 1. 44. Multiply (1) by Uir, then 44aj + 

io a o 11 3a;.y-31 + 110a;+143 , ^„ 

12a;y-6y-2 = lla^ + — 5 ; whence 22a;- 

18y = 118. Multiply now (2) by 3 and by 6y + 27, then 

,„ «, 54a;?/ - 90y + 243a; - 405 -^ __. 

\2xy + 54a; ^ ^ — = = 12a^ + 170 ; whence 

135a? - 80t/ = 785. 45. For Eq. (1) multiply bv 3 and by 7 ; 
then multiply by 20 and 620a;-580y = 105a;- 84y- 2634, 
or, 515a;-496y= -2634. For Eq. (2) take the sum and 
difference of the terms, as in ilSxs. 3, 11, pp. 139, 141, since 

X • XT- ^ xi-» • QA .1 n 5 2a7 V 2 

a : 6 IS the same as ^ ; this gives 30 : 4a; - 2y : : ^ : ^ -•- + -; 

or, 100a;- 80y= - 120. 46. In (2) take the products, trans- 
pose and incorporate ; then, 2 V(y - a;) = 3 V(20 - x). . .(3), 
squaring, <kc., 42/ + 5a; = 180... (4). Next double the terms of 
(1); 2V5^-2^(20-a;) = 2V(j/-^);but(3)2V(2/-^) = 
3V(20-a;),.-. 2 ^^-2 V(20-a;) = 3 V(20-:r), .-. 2Jy = 
5 V(20 - x). Whence, iy + 25a; = 500.. ..(5); combine 
(4) and (5). 51. Multiply (1) by 3, and take (2) from the 
result; then multiply (1) by 4, and take (3) from the result; 
this gives 2a; + y = 52, and Zx-\-y = 75. 55. From (2) take 
(1), and combine the result with (3) to find z. 60. Multiply 
(2) by 3, and with (3) eliminate «; then multiply (2) by 4, 
and with (1) eliminate z. 61. In (2) for 2x put 3«. . . . 
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11 2 

63. Here = a — 6 : combine this with (3) and - = a - 6 + 

y z ' y 

c, &c. 66. Herey= — , » = — : substitute these in (3) to 

find x\iov y and z multiply the value of a? by — and - . 67. 

^ "^ '' m p 

The eliminating equations are, for oj, adx + hdy = (fc, and adx + 

aey = of, giving y] for y, aex + 6ey = ce, and hdx + 6ey = 6/*, 

, ^ a af-dc lae-lbd — gaf+gdc , 

giving X, hence « = t-t * rT= r? , ,v .'. &c. 

^ ° ' h h ae-hd h(ae-bd) 

68. See Alg., p. 163, note; and compare Ex. 18, p. 50. 69. 

To eliminate z, multiply (2) by 3, and add the result to (1) ; 

then multiply (2) by 5, and add the result to (3); next 

multiply (1) by 2, and (4) by 3, and add; the three resulting 

equations are, 7;c+ 122/- 13w = 2070, 13ic + 36y-3w = 3610, 

1 4a? - 36y - 47m = 1690 ; hence, easily, 27a; - 50u = 5200, 

35aj- 86m = 7800 .-. &c. 71. Take the reciprocals of the 

a? + V X 11 1 

given equations ; then, = 1 ; that is, — + — = 1 .-. - + 

xy xy xy y 

1 , ^..,,111111 111 25. 

-=1. Similarly,- + - = x,-+^ = ^.-. = •.~. = ^ <fec. 

X '^zx2zyoyz2y6 

72. Multiply (1) by 11, (2) by (-2), and (3) by (-133) 
and add the results; then, -86a; = -86, and a;=l. From 
(3),- Vy+ i/z=l,'. -13Vy+13V«=13...(4),from(l),- 
ilVy+13 4/;2:=17...{5); take (4) from (5), 2 ^y = 4 .-. &c. 

73. Multiply (2) by 3, and add the product to (4), then 24y- 
Ibz^ 4m = 43. ..(6) ; to 3 X (3) add (1) and double the result, 
then 242/-4«+14M = 112...(7),from(7)take(6),then 1U + 
18m =« 69. ..(8), with this take (5), 7«-5m = 11. Whence z 
easily, and thence the others. 74. Divide both members of 
the equations, severallv, by aajy, te, cyZy and we have the 

^, ri, . /• 111111111 

three following equations, - + - = ^: -+ = ;_+_=. • 

° ^ X y a z X y z c 

whence the values are easily found as in Ex. 63 and 71. 75. 
Here {x-\-y + z){x + y-{-z) = a^ + b^ + c^ .*. x + y + z= V(a* + 
fi^ + c^^ .*. from (1) X J{a^ + b^ + c^) = a^ '^ whence a;, and so 
of the others. 76. Here xyz = 3.7.11; a;yM; = 2^ . 3 . 5 . 7 
yzw = 2^ . 5 . 7 . 11 ; xzw = 2^ . 3 . 5 . 11 ; .-. i[j^a^y^z^ = 

2« . 38 . 53 . 78 . 113; ... toxyz = 2^ . 3 . 5 . 7 . 11 ; .'. *^^^ = 

osyz 

tc? = 2^ . 5 = 20, (fee. 77. 1. The equations are not independ- 
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ent, tbe second being double the first. 2. They are incon- 
gruous; for 3x + 3y must be 21. 3. Not independent ; (2) 
is derived from (1) by adding a third part. 4. The conditions 
are inconsistent (1) and (3) would give y = 3, and ,\ x = 4 ; 
values which will not satisfy (2) : if for 1 we put 9 in (2) the 
values would satisfy (2) ; but ia that case one of the equa- 
tions would be superfluous. 5. Here (3) does not give a 
separate condition ; for it is the difference between (2) and 
4 times (1). 6. Here from (1) and (2) we get 19a: + 19y = 
133; from (1) and (3) 19a:+ I9y= 140 ; from (2) and (3) 
19a;+ 19y = 84, inconsistent results; in fact for 12 we ought 
to have 5, the left member of (3) being the difference of 
those of the other two. If we had 5, then, in all the 
above cases we should have 19a5+ 19y= 133, or a5 + y = 7, 
the values being indeterminate. 7. The equations are not 
independent, the third being the sum of the second and twice 
the first. 



XIV. QUADRATIC EQUATIONS, p. 175. 

Exs. 1 to 6 are pure quadratics. Ex. 7 to 24 illustrate tbe 
first or common rule ; Ex. 25 to 35 the second or " Hindoo" 
rule. In solving the others, the student will be guided by 
the suggestions in Art. 146. The method of substitution. 
Note, p. 166, and Note, p. 169, is preferred by many, and i» 
often the most convenient, especially when the numbers are 
large in numerical equations. In such cases it is unneces- 
sary to set down the middle term in completing the square. 
Exs. 48, 49, 50, 51; the reduced equations are 10ic2 + 57» = 
261; 12^:8 -73x= -100; a^- 16ar = 637 ; 4«2 - lla.= -7. 

52. Therootis ^a:+l=±5. Ex. 53. The root is 4ic2 - 7 = 

±29. 54. Divide hj Jx; then x^ + x = 6, 55. Clearing 

3x + 2Jx=l6. 56. Divide by Jx. 57. Multiply by 
» g g » 

x^; then -3 + 2a;ir = 17 ; multiply again by a?% then 8 + Sa^ = 

x^ 

17a\.-. 2x8-17a;^=-8; .-. IQjfl - 136a;^ + 289 = 225,.-. 
4a:^-.17=±15,.-. rr^ = 8, or i,,'. V»» = 8, or i,.-. Jx = 2, 
or yi,.-. x = 4; or (^i)2, t.e., (i)t= Vf 58. The root is 
2x^-^1 =±5. 59. The root is 2{x - 5)^ + 3 = ± 13.-.a - 5 = 
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8^, or ( - 5^', .-. a; - 5 = 4, or ( - 5)t &c. See Ex. 57. 60. 
The root i's 2*3 + 3 =, + 57_ _ 53 Divide by x^ ; 

then a;2 + a._44.. + =0: or a^+ '^■{-x + — 4 = 0: now 

X x^ a^ X ' 

2 1 1 >! 2 o I ^ a ( 1\^ 

a:2 + -^ + a;+ 4 = a;2 + 2 + -^ + a;+--6.-. (a; + -) + 

ic2 a; iir a; \ aj/ 

(05 + - ) = 6. Solving this we have 05 + - = 2, or - 3. The 

first of these gives £c2 - 2aj + 1 = ; the second aj^ + 3aj = - 1 

<kc. 65. After ci earing and completing the square we have 

26^3^- •+100a2 = 4a2.-. 16a;-10a= ±2a. 

2 
66, Transposing, a^-^=l + ^~; separating into factors, 

(a? + f)(a;-|) = V(a. + .|), divide by a:4 |; then a;-| = ^,.-. 

X on 

a^-^x = l. Also since the equation may have the form 
{x + %){x - f ) - -^ {« + !) = 0, it will ^e true if a; + f = 0, which 

X 

gives a; = — 1^. Again, it may be thus solved ; clear and trans- 
pose, then 9a^ - 13a; - 6 = 0,. •. (3a; + 2)(3a^ - 2a; - 3) = 0; put 
3x + 2 = 0,.\ a:= -|; put 3ay^ - 2x - 3 = 0,.\ ay^ - ^ = I as 
above. 68. Multiply by a; - 5 and by 20, then a- 12 ^ar = 
- 35. 69. Square both sides. 

70. Divide by x^ ; then 3a;^ - a;^ = 3104; . •. a;^ = - 32, or y ; 

.'.x= -32l^ = (-25)7= -2« = 64,alsoa; = (V)"^. SeeEx.57, 
59. 71. Herea;8-3a;2_2 = 0;.-. (a;+l)(a;2„a;-2) = 0. Now 
a; + 1 = gives a; = - 1 ; and a;2 _ 3. _ 2 = gives a:^-x = 2 ,: 
<fec. Or thus; add 2x to both sides, then i^ - a; = 2a; + 2 ; .*. 
a;(a;2_i) = 2(a; + l); or a;(a;+ 1) (a;- 1)- 2(a;+ 1) = 0. Now 
this is true if a; + 1 = 0, giving a; = — 1 ; but by division, 

a<a;- 1) = 2, or a^-x = 2 &c. 72. Here a;" +-„=-«.•. aT- 

ax^ = 1 &c. 73. Apply Rule II. after clearing. 74. Here 
a;* - 1 = (a; - l)(a^ + a; + 1) = O.'.a; - 1 = 0; and a;^ + a; + 1 = 0, in 

6 6 16 6 

all 3 values. 75. Here oar^ - ftar^ = ca; ^ ; divide by a;^; .*. 

6 S 6 6 

a - hx^ = ac^, . *. cx^ + hx"^ = a, a common quadratic. See Ex, 
57, 59, 70. 

E 
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76. Divide bjjc^ajd 2 to both sides, then a:* + 2 + ^ = 2.-. 

« + - = ± V2;xbja;,thena:?+1= ±xV2;»ndx2+ V2.x = l. 

Or thus add 2:<:^ to both sides and take the square root, then 
a^ + 1 = ±a; V- j •*• ^ + v'2 . a: = - 1. Complete the square 

by Role L; then x2+ V2.a:+ (^* = -1+ (^^)^" or 

x«q:V2.a:-^=-i and x+ ^1= V(-i)= Ji J(-l) ; 

l«tVi=^|=;^2'-'-'^^72=72^("^)-"-*^ 77. K 
— be added to both sides, the left will become the square of 

Zx 5 

a^ - "ij- — I, and we have Q^-^-\ — ±.'r:X which gives the 

two equations 3a^-7a: = 3, and 3a^-2x = 3. Otherwise^ 

add — to the left member and also subtract it ; then 

V 2/ "T- + ^"'"^ = '9~^^ow-— = -2ai»-~;henoe 

3a; 
fa:) + 1 = ^^yj^, a2__i_ +|a;j the same equation as be- 

4 4a* 1 
fore. 78. Square and divide by c^t^^ then —^ ^ = li + ^ 

(■^^ - ^^2) = - *; complete the square, \f-^ + -^(a!^ - ^) 

Q^ 4 4 4a'' 4 

= ^"^^^-'^="^*(^ ~ «'); taking the root, 

("'-i)+J=4^^^-«*V--*'-i=-a2{i?V(i-«*}}; 

put this = 2^^2, then s^- -2 = 262; clear and transpose; a?*- 
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252a?2 = 1 ; add 5* to both sides ; then a^ - 25V + 6* = 1 + 6*, . •. 
a;2-62= ± ^/(l +6*) .-. »= ± v^(62± VTTF). Now, 62 = 

-i{lqp J{l-a*)}.-.l +6^ = 1 + 1(2 -a%2Vr:T*) = |-x 

(1 + >/ 1 - a*)> since _ x ( - a*) = - 1. Putting in the exprea- 

sion for or, these values of 6^ and 1 + 6*, and since ^a^ - ^^ 
we have the value required. Otherwise thus, square and 
multiply by a^, then a\\ + x^f = ia^x\ l-oi^)] or a\ 1 + 2^* + 
a^) = 4a.V(l - £c*), or a* + 2a V + a^ic^ = 4a V( 1 - a;*). From 
both sides take 4a*ic*; then a*- 2a*a3* + a^m^ = ia^x^(\ - 
ic*; - 4a4a:*; that is, a\\ - ir*)^ - ^a^x'^{\ - rc^) = - 4a V. 
Add now ice* to both sides, and take the square root of each 
member; then a\\ - cc*) - 2x^ = ± 2x^ JO-^ ^^) > transpose all 
the terms to one side, multiply by a^, and transpose a* to the 
right side, then a*a3*+2aV(l± ^l-a'*) = a*; complete the 
square, a'^oci^ + 2a^x^{l ± jJT~^c^) + {'^ ± Vl - a^f = a* + 

(1 ± vrr^4)2=a4 + 1 + 1 -.a*± 2 ^rr^4= 2 + 2 ^1":^* = 

2(1 ± v/nr^4) ; taking the root, a2a;2 + 1 ± ^1 _ a* = ± v' {2 
(1± NArr^)};liencea2a;2= - 1 +Vp:^4± V{2(1 ± v^rr^4)} 

.*. &c. 79. The reduced equation is 7x^ - 39a; = 70. 

80. The reduced equation is 9ir2-7aj= 116. 81. Multiply 
by 3, 5, 38, and 10 - a; ; so reduced the equation is a?2 - 19ic = 
290. 82. This equation may be resolved in two ways ; Jlrst, 
a:«-l = (aj3_l) (a^ + l) = 0.\x^-l=0. See Ex.74. Also 
a?^ + 1 = 0, or (x-\-l) {o^-x+l) = 0; hence a? + 1 = 0, and x^ 
— a: + 1 = 0, which will give the roots. Secondly/, the equation 
may be resolved into the three quadratic factors x'^ + l, x^ + 
a? + 1, and :if:^-x + l, the solution of which will give the six 

roots. 84. Here a^ + 7aa? = GOa^. 85. Here x^^ + x~i + ^ = 

61 = p.-. aj-^H- J= ±1; r. x~^ = 2 or - 3 and aj^ = i or -^, 

<fec. 86. Square, transpose, square; 4a;2 - 4aa; = 2a2> - a^ _ 
h^ ; and a* will complete the square. 87. Here x^ - 8ax = 

362. 89. Cube, transpose, divide by 36, a?-hx = — qT~»**- 

oo • 

<fec. 90. Multiply by a6ar and by a + 6 + a?, arrange the terms, 

cancel a6a; ; then = (a^ + 2a6 + 6)a; + a6(a + 6) + (a + 6)a,'2 ; 

divide by a + 6 then x^ + {a + h)x — -ah, 91. Here ^m^q^oi? 

. . . + {mn - jiq^ = imnpq + (mn -pqf = {mn +pqf . '. 27/A5'a; 
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- (mn - pq) = ±{mn + pq) .'. &c. 92. Multiply, transpose, 
Himplify; {a^ - b^)x^ - 2(a^ + b^)x = b^ - a^ = - (a^ ^ b!^ .-. 4 
(a2_62)2a:2-8(a*-6*)a; + 4(a2 + 62)2= -4(o«-62)2 + 4(a2 + 
62)2 .-. Ac. 93. CleariDg by 7, 3, and 5, we have ba^ + 2x = 3. 

94. Multiply by 3 - a; and by 19 - 7a? ; then ^ 

+ 2 — '' — : = 5lx-20a^ + 27, multiply by 12, transpose 

and incorporate them 226a;2 - 2191a; = -4065. 95. The 
products give a^-|a; + ^ + a:2_^^^_a5_.^^ + ^^ the 

reduced equation is 30a:2 _ 29a: = - 6. 96. See Exs. 3, 6, p. 
171-2. 97. Add 5 to both sides, see Ex. 6, p. 172. 98. 
Multiply the rational part successively by 3, 8a, and the re- 
duced part by 9 and 64a* ; then 3a^ + I6ax + I2a^ = is/(192 x 
aa^ + 144a-a:2j . gqiiare both sides, transpose, and incorporate, 
and 9a:* - 96aa:3 + I84a2a:2 + ss^a^a: + 144a4 = 0,i.c.,(3a:2 - 16 x 
ax - 12a2)2 = 0.*- 3a:^ - 16aar = 12a2; otherwise, resolve the radi- 

X / 2x a 
cal part into the factors —fer\/ q-+ o**"^*^ transpose, then 

ij ^ct V o J 

/ * \ ^ A /2x a » n ««<! A / 2* a 
(-2V§^>)=bV-V 3^2-2V2S = ^''"**V 3^3 

and o- + ?i = IT ^ whence 3a:2 « \^ax = 12a2, as before. 



2 V2a 3 ' 2 8a 

99. Multiply by ^(a:2_i)... ^(a:2 - 1) + ^(a: - 1) = ^^ ; 
square, a:^-l+ar-l-2 J(ai? - s^ - x + \) =a!^,.\oi^ - a^ - x + 
1 -2V(a:^-ar2-aj + 1) + 1 =0, take the root, J(a^-ix^-x + 
l)-l=0,. \a^-x^'- x+ l='[,.\a^ -x = l,,\&c. 100. Her e 

Rule II., 4tar^2)^-a;2-4(a?-2)2-a: + 1 = 361, .-. 2(a:-2)^-a;- 
1= ±19;.\(a:-2)2-ar=10or-9;hencea^-5a; = 6,and«2_ 

5a; = - 13. 101. TransposCja + x- J(2a^ -ax-a^)= J (ax - 

^)- sl{^ax-{-oi^)', square; a2 + 2aa; + a;2 + 2a2 - aa; - ic^ _ 2(a 

+ ar)^(2a2-aa:-a:2)=^_-y2 + 2aa; + a:2_2^(2a2a:2-aa:8- 

x^) . •. by incorporating Sa^ + ax-2(a-{-x) J(2a^ -ax-x^) 

= 3ax - 2 J{2a^x^ -ax^ - z^) .-. 3a2 - 2aa: = 2(a + a:) ^/(2a2 - 

aM—a^)— 2 ^{a?2(2a2— aa:— ar2) }, separating the factor a:2 within 

the second vinculum, but 2 Jx^ = 2a:, and 2(a + a:) - 2a; = 2a 

+ 2a:~ 2x,\ 3a^^2ax = (2a + 2x- 2x) J{2a^ -ax-x^) or 3a2 

- 2ax - 2a J {2a- -ax- x^). Divide by a, square and trans- 
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YKise; then, Sx^- Sax = —a^. 102. Developing by continual 
multiplication or by the binomial theorem, Art. 92, and incor- 
porating like terms, we have 2ic^ + 20a;^ + lOx = 19(2a:^ + 6x) ; 
or dividing by 2a:, and transposing, x^ - 9x^ = 52, 103. Mul- 

2 40aj 
tiplyby the first denominator, then (27a + Sx)^ + ^ g^„ ^-^ 

= 24x^; clear, 27a + 8a: + 40aj = 24a:^(27a + 8a:)^, add, divide 

2 1 

by 3, 9a + 16a; = 8a:^(27a + 8a:)^ ; put now b for 9a and y for 
8a: and cube ; then b^ + 66»y +I2bi^ + 8y^ = 2ibf + 83/8, . \f - 

^y = j2 ; this quadratic gives y = j ± ^/-^g = j(l ± ^/|^) = ;j x 
(l±W21) = |±r2& 721=^2(3 W21) = ^2(^=^V21)4^ 

(3± ^21),.-.a: = | = |^(3± ^21). 104. Taking all the terms 
to the left side and taking the difference of the fractions, we 
have -g — = - -^ — 2 + Z^ — Q — ^> *^^s cleared is, 5{x^ - 1305^ + 

36)-8(a:*-10a:2 + 9)4.63(a:*-6a:2 + 4)=,o, which reduces to 
sc^ — 5x^ + 6 = 0. 105. Multiply by 2, transpose 3a: and add 
6 to both sides ; then 2a:2 - 5a: + 6 + 10 J{2a^ - 5a: + 6) = 39, 
by Rule I. ^(2a;2 - 5a: + 6) + 5 = ± 8. This gives the two 
equations 2a:2-5a: + 6 = 9 ; and 2a:2 _ 5/jj ^ 6== x 69, and four 
values of the unknown. 106. Transpose first term to right 
side, square both sides, cancel ^, then l=a^ + x-2x J{x — 
•J), divide by x and transpose, x-^-2 J{x - J) + 1 = 0, a 
quadratic whose root is /^(a: -•^) = 1, .*. ar^ _ ^ _ 1^ ^^ 

107. Here(l + a:)« -(l-a:)« =(l-a:2) « = (1 + a:).«(l -a;)"; 
divide by (1 — a;) * ; then I -— — j *» - 1 = (1 +a:)« (1 - a:)" * = 

(;4i)v»"p»".(^)*-fe)-=ir.K.ui.,('±f)- 

-i= ±V|= ±JV5; .-. (Jt|) J\:=^\ The answer i 

found by dividing the difference of the terms by their 

sum, Ex. 3, p. 139. 108. Clearing, a: + v'(2 - a:2) - a: + V(2 - 
a:2) = a:2-(2-a;2), thatis, 2V(2-a:2) = 2(<^2_l)^ o^ V(2-a:2) 

= a;2-l; but a;2- 1 =a:2- 2 + 1 = - (2-a;2) + 1 ; .-. v(2 -a:2) 
= -(2 -a:2) + 1 ; transpose, 2 - a:2 + ^(2 - ar2) = 1 ; .-. Rule I., 
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109. 




Since afi - 3x + 2 = {a^ - 2x + l)(x + 2), if 1 be traDsposed the 
equation will take the foi-m, x-l — 2»/{x + 2) = tj(a^ - 2a? + 1 ) 
i/(x + 2)= */(x-lf, i/{x+2) = V{x-\y i/(x+2). Sqnar. 
ing both sides in this latter form we have («- l)*-4(j?- 1). 
V(a; + 2) + 4(j? + 2) = (j? - 1). J{x + 2) ; transpose, 4(a: + 2) - 

5(a;-l).V(x + 2)= -(ar-l)2, .-. Rule IL, 64(a; + 2)- 

+ 25(x - 1)2 = 9(x - 1)2, .-. 8V(a: + 2)= ±3(jr- 1) + 5(ar- 1), .-. 
V(a: + 2) = aT - 1 or ^(x - 1); hence x2_2x+l=a: + 2,(a); and 
ar2 - 2x + 1 = 16aj + 32, (b). These give a^-3x = l, (a}); and 
a:2 - 18a;= 31 . . . (6^), which readily give the four values of 
X. It might seem at first sight that from the equations 
(a) and (b) above, we should have 16a5 + 32 = ar+ 2; and.*. 
x= -2. But it must be remembered that x does not stand 
for the same quantity in both, as in the case of simultaneous 
equations, and that, therefore, the right members of (a) and 
(6) are not equal, indeed, such a value of x would be contra- 
dictory and give absurd results both here and in the given 
equations. 

It ought to have been remarked in the Algebra in regard 
to surd equations that the values of x duly derived will not 
always satisfy the given equations ; and in such a case there 
are no others that will satisfy it; the equation being incajv 
able of solution. The equation 2x + ^/{a^ - 7) = 5, given in a 
note in HuUon^s Course qf Mathematics, by T. S. Da vies, 
vol. i. p. 195, is an equation of this kind. See also Mr. 
Da vies' supplementary vol., p. 238. Duly solved it gives 
the values 4 and f , but these will not satisfy the equation, 
as they give 11 and y instead of 5. But if the sign of the 
second term be changed, these values will satisfy it; that is, the 
roots of a;2 - ^/(p(? - 7) = 5 are 4 and f . See also Homer on Surd 
Equations, Phil. Mag., 1836, vol. viii. p. 43. The subject is 
treated of in works on the theory of equations, vol. i. p. 199. 

110. Divide every term by x^] then a; *^« — ^'-^ — ^• 

x_x a2_52 
x^ *-i- 2 — 12' 1 = ^> ^^ reducing the fractional indices, 

«-? a2 _ j2 «7jiP a^ -h^ 
and transposing, x '^^^ - 1.-5 — ^s-^ t'* = i« -5 — ^o. The higher 

^ a^ -^-b^ ^ a^ + M 

power being in the second term, the equation must be 
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reduced; multiply then by 2{a^-{-h^); this gives 2{a^ + b^), 
x^M ^(a^-h^yxp^ ^a^-h\ or ^i^a^-h^yx^ +2{a2 + 

q-p f-p 

h^yx^^ =a^-l^. Divide dow by - (a^ - 6^), then x ^ - 
-i- — Yh X M = - 1. Hence Rule L. x"^ - .... + 
/a^-^b^Y /a^ + b^^ , 4a262 -^ , ' ^ ^ 

g-p ^2 ^ j2 2a6 
pose the second term of the root : then x^^ = --s — ro ± -5 — r* 

(adzb)^ adzb , 



XV. SIMULTANEOUS QUADRATIC EQUATIONS, 

p. 184. 

1. From (1 ), 4:y = 2x.\y = ^os. Hence from (2), a^ - |a^ = 

2:r2 4:k2 

56, &c. 2. From (2), y = |aj; .-. from (l),-g- + gg" = 126, .-. 
&c. 3. From (l),S(a^ + y^) = l7{x^-y^); or 25y2 = 9a;2 but 
from (2), y2 = _, . .. iifr = 9a;2 and 1 1 25 = 9a^. 4. Take the 

X X 

product of extremes and of means in (1) and then divide by 
(Va — is/y),.\i^x + i\ly — 8anda; + 2\lxy + y = 64; subtract 4 times 
(2), or i^/^y = 60, then a? - 2 y/xy + y = 4, taking the root, ^/x 
- Vy = =*=2; but Va?+ Vy = 8, .•. 2Va; = 10 or 6; .•. <fec. 5. 
Divide (1) by (2), i,e,, invert (2) and multiply (1) by it; then 

-3-^ = L .-. 9a^-9y^ = 7a^ + 7y^; .-. a^ = 8f and x = 2y; 

hence from (1), 4y2 + 2y^ + y^ = 21 y, &c. 

6. To both sides of (1) add 4; take the square root and 
transpose, then xy = 8 or- 12; and 4a3y = 32 or -48... (3). 
Square the members of (2) and from this square subtract 
those of (3); then o^ - 2ajy + y^ = 84 or 4 ; .*. x-y= ±2; or 
±2^21, but a; + y = 6, .-. <fec. 7. Clear (1) and add 36 to 

X 

both sides, take the root and transpose 6; then 3 . - = ± 11 
-6. This gives 3a;-5y = 0; and 3a;+ 17y = 0; from (2), 3x 
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-3y = 6, .'. <fec. 8. Eq. (l)givesy = 8-a;; Eq. (2\aJy-y- 
2a:= 2,.-.a;(8 -a?) - (8 -a;) - 2ic = 2,orrc2 _ 7^.= _ 10;hence&c. 
9. Eq. (2) gives, by adding 1, y2 - 22/ + 1 = 12 - 4a;; .-. y = 1 ± 

^(12 - 4aj), .'. from (1), a; + 4=t4 J {12-- 4a;) - 14; transpose, 
sq. both sides, then ai2 + 44a; = 92; .*. <kc. 10. From the 
sq. of (1) subtract 4 times (2) ; then a^ - 2xi/ + f^ = a^-4:b,.\ 
x-y= ± J(a^ - 46) ; but a; + y = a, .*. &a 11. From the sq. 
of ( 1 ) subtract (2) ; then 2x7/ = a^-c, .\ ^xy = 2a^ — 2c ; sub- 
tract this from the sq. of (1), .*. a^— 2xy + y* = 2c - a^^ with 
the root of this combine (1), .*. &c. 12. Multiply Eq. (1) by 
2, and (2) by 5, and add the results, then 27a;2_ n^^^g. ,., 

y = \/ "^ — pj — ; substitute in (1 ), and ^a? — 5x A / — =^ — 

+ yi =12. Again, multiply Eq. (1) by 3, and (2) 

by 2 and add; then 24a;2_iia^^3o . ... 24a^^ - 30 = 1 la; x 

/ 27a;2 _ 9 
A / — pj — -. Square both sides of this last, transpose and 

divide by 9, then 31a;* - 149a;2 ^ _ iqo, <fec. Otherwise, thus, 
for X put i^y, then {6z^ - 5« + 2)f = 12.. .(3) ; (3«2 + 2z- 3)y2 
= - 3... (4). Equate the expressions for y^ from (3) and (4), 
clear of fractions, incorporate and divide by 9 ; then 6^^ + 
z= ^^, whence «, and the others easily. 13. For x put zy, 
separate y2 and equate its two values, then 12(«-2) = 1 x 
{z^ + z); .\ z^-Uz^ -24:, &c. 14. Let zy = x; then s^y^ + 
zy^= 144, and zy^''y^=U; or {z^ + z)y^=lU, and («- 1) x 

y2 = 14; .-. —^ = '^^, which gives^ 7»2 - 65«= - 72, .-. « = 8, 

Z— L i 

or ^, .-. (fee. Otherwise, thus, from (1) take (2), from the 
result get an expression for x, substitute this in (2) and 
square; then 130y2-2,r* = (14 + 3/2)2; or y^-5lf= -98, <fec. 
15. Assume x = z + Vy 2/ = « — v, .*. a; + y = 2« = 56, .•. z = b; 
x = b + v;y = b- v, .•.from(l),(6 + v)^ + (6 - vf = a{b + v)(6 - v); 
developing and transposing, {a + 6b)ir^ = b\a - 26), whence v 

= ±b \/ — ^^ and . •. the others have their expressions iJx)ve 

in terms of v. 16. Square Eq. (1) and take from the result 
4 times the 4th power of (2), a;^ - 2a;*^ + ^ = 4225 ; .\ a;* - 
2/*==fc65; but a;* + 2/* = 97, .*. &c. 17. Cube (1) and from 
the result take (2) ; then 3(a; + y)xy = 5940, or 60a;y = 5940, .•. 
from (1), a;2/ = 99, and a;(20 - a:) = 99 ; i.e., a;2 - 20a; = - 99. 
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Otherwise, divide (2) by (1 ) ; the quotient, o^ - osy + y* = 103, 
taken from the square of (1) gives Sosy = 297; oricy = 99; this 
last taken from the quotient above gives x^ — 2xi/ + y^ = iy &c. 
18. From the square of (2) subtract (1); then 2ajy = 270 and 
.*. 4ajy = 540; take this latter from the square of (2); then 
a^ - 2xy + y^ = 36, &c. 19. From the 4th power of ( 1 ) subtract 
(2), then 4a;y(a^ + 2xt/ + y^) - 2a^y'^ = 1760, or by (1), ^xyx 
49 -2a%2^ 1760, .-. a%2 - 98a^ - - 880, .-. a;y = 88, orlO. 
Take the value 10, square (1) and subtract 4a5y = 40, then a^ 
- 2ajy + y* = 9, .*. a; - y = ± 3. Combine this with (1), . •. <fec. 
The values found by taking xy = SS are imaginary. They are 
X = J.(7=t J ^303) and y = i ^7 =F ^ ^303). Otherwise put 

x = v-\-z and y = t;-« .•. aj + y = 2t; = 7 = a .*. v = '^, Substi- 
tuting the assumed values of x and y, (2) becomes 2t/* + 12v* x 
«* + 2«* = 641 = b, .'. «* + 6v^:!^ + 1;* _ . p^^ - fori;, «* + ^aV + 

f^ = a} •••«* + o**^^ = — n^t * quadratic which gives «2 = « 

A 4 JL 

2!^^^ V 9 j putting for a and 6 their values, this becomes 

«*= — 27*=*= \/1^21, that is «2 = ^ or — j-; .*. &c. Or thus, 
since 2i; = 7 and v = 3^, put this value for v in the equation 
2t;*+ 12t;2«^+ 2;&* = 641 ; then -^ + 147«2 + 2;s*^641,.-.16 x 

o 

«* + 1 176«2 = 2727, . •. «2 = 7 and « = I, &C. 20. To the double 

of (2) add (1) and also subtract it, and we get a^ + 2a:y + 
y«=169; ic2_2a:y + y2 = l; .-. a; + y==tl3, x-y^ ±1, &c. 

oi -D. /ox 120 o ^ „ 14400 ,^, 

21. From (2) x + y = _, ... a:2 + 2a:y + y2=:_^...(3). 

120 
Again divide a:^ + y' by 05 + y and 152 by — ; then oi^-xy 

y 

+ y^ = -Y^,,.(4); and if this be taken from (3) we get 3a^ = 

14400 19ary , ^ ' J X X .T. o J 

• o o T^ ; clear, transpose, and extract the 3rd root then 

4ajy = 60 and x = — , hence fi-om (2), xy{x ^ y) = 15f — + yj 
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= 120, and y2 - 8y = - 15 &a_ 22, From (3) by substitution 
in (1) and (2) we have x + Joan + z = 21 ..,(4); and a^ + xz + z^ 

= 189.. .(5). Now the quotient of (6) by (4) is a;- Jxz + ^ 
= 9. ..(6). Add (6) to (4) and x + z = l5...{7); ,\ from (l),y = 
6, .-. y^ = 36; .*. from (3) iocz = 4 x 36 = 144. Also taking this 
from the square of (7) we have a^ — 2xz + z^ = 81, .'. a; — « = =fc 
9, but x + z=l5f .'. &c. 

23. Assume x =^ z + Vy y = z - v ; r. x + y = 2z — 10 and « = 6. 
Then {z + vf + {z- vf = 2:^^ 20«3|;2 + 10;^ = 17050. Divide 
by 2, substitute the value of «; then 3125 + 1250ir^ + 25t;* = 
8525. Hencev* + 50v2 = 216;.-.t?2= - 25 ± 29 = 4, or- 54, .-. 
v= ±2, or ±3 ^7-6; but z = 5,,\ a: = 5±2 = 7, or 3, and 
y=10-a: = 3 or 7. The imaginary values are, a; = 5 ± 3 ^^6 
Vri ; y = 5=p 3 ^6 ^^T. 24. Take in (1) the 4ath root, 
and in (2) the (x + y)th. root of y, and equate the two values 

of y thus found. Then x ^^ =x'*-*, hence these indices 

are equal ; that is -^ - - = , this equation gives a? + y = 

2a... (3); substitute this in (1) and oi^ = y*^; i,e., x = y^; substi- 
tute this in (3) ; then y^ + y = 2a, .\ <fec. 25. Multiply (2) 
by 3, and add the product to (1), then llx^~dy'^ = il and 

a^:=~{il + 32/2)... (3); substitute this in (1), then 5^±^*^ 

3y V(^') H- 33/^ = 5 ; ... 393,2 + 27 = 33y j{^^^; 

squaring this, 152^ + 2l06y^ + 729 = 40593/2 + 2972/*,.-. 136^ 

oiT 2 Qi 4 217 2 81 . 217 2 /217\2 

-2172/2= -81,...3/*-- 2/^=- i36.-y-i3-63/^+(g^) 

47089 44064 3025 ^ 217_ .5^ „_217±55 
"73984 73984 ~ 73984' ''^ 272" 272 '"'^^ S72~" 

81 9 9 

= 1> or f3-6v^y = ±l, or=fc---pj^= ±l,or ±g^ ^34,.-. from 

/3W2_!1^4 orl^^^^ .a:-±2or\/^-=fc2 nr 

23 23 

-~-yYQg=' =*=2, or±g^ ;^34. .Otherwise thus, let x = yz €L(y- 

cording to the form, p. 179, Ex. 1, and we have from (1), 
22/2^2 - 3y2^ + ^2 ^ 2^(2;s2 - 3z + 3) = 5. . .(3); andfrom(2),32/2«8 

+ y^z - 22/2 = 2/-(3«2 + » - 2) = 12. . .(4). Equating the values of 
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5 12 

y^ deduced from these, we have ^-o — js 7^ = o~o z\y clear- 

ing and transposing, 9z^ - 41« = - 46 ; 

41±V(412- 4.9.46) 
whence z = ^Tq y 

23 
or 2J = 2. or -Q-. Substituting in (3) this value of «, we find 

9 
y= ±1, or =fc^^34&c. 



26. Assume x=^v + z, y^v-z ,\v = ^; then, as in Ex. 23, 
2v^ + 20i^z^ + 10v;s* = b ; divide by lOi? and arrange by z ; 
then »* + 2v^z^ + i" = fcT* transpose ^ , complete the square 

(Rule I.), then ^ + 2'i^z^ + v^ = j^- - ^ -¥ v^ = -jr—- ; hence 
« = =tV(-^=*=\/-JOv') ^ ^^ putting I for v, « = 

Otherwise; involve (1) to the fifth power, subtract (2) from 
the result and divide by 5xy; then a^ + 2ot^j/ -^ 2xy^ + y^ = 

-^ — -..(3); subtract this from the cubeof (1), then {x + y)xi/ = 

a^-b 
axy = a^ — = — ; clearing, ^axhp' — 5a^xy + 6 - a^ ; transpose, 

b-a^ 
divide by ba', then x^y^. - a^xy — —^ — ; complete the square, 

, tt2 / a5 + 45 ^J J /-I \ <J 

&c. xy = -^=t A / — — — = c, suppose; ,\x — -~ and (1),~ + 

V if if 

y = a; .-. y^-a/y^ -c; hencey = 2=fc V (7 - cj = &c. ^see 
Ans.) Now, 05 = a - y . •. &c. (see Ans.) Otherwise, (a?^ + 3^) -5- 
(a? + y) = 35* - 05''^^ + ar2y2 _ x'i^ + y^ = -fOra^ + y* - a5y(a^ + y^ + 

ahf^ = -. . .(3). But from (I) x^ + y^ = a^ - 2xy and {x^ + y^f = 



a* - 4a2a5y + 2x^y\ Substituting the values of x* + y^ anda;^ + 



y" 
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in (3) we find a* - ^a?xy + ^2a^y^ - xy{a^ - ^ocy) + o^y^ = — ; 

hence Sa;-^^ _ 5^2^ _ — q\^ py|j jpy^ deduced from this (as 

above), equal to c; so that a?y = o, but a; + y = a. '.(a; + y)^ — 4j?y = 
a* - 4c; i.e., (aj - y)^ = a2 _ 4^ j • /j. _ ^z = ± ^(a^ __ 4^^^ xhis 
combined with x^y — a gives the values required. 27. In- 
volve ( 1 ), subtract as before, and divide by xy, then 4a;2 + 
6a5y + 4y* = a* - 6. Take this from four times the square of 

(1), then ^xy — ^ ; or ^di^^y^ - ^c^xy = h-a^. Put 

xy 

c c 

the value found from this, xy = c,\ x=- and - + y = a, .'. y^ - 

if if 

ay = e, whence y and.*, ar, or a — y. Otherwise, assume 
x = v + Zy y = v-z, involve, add, and divide by 2, then trans- 
pose v^, and a^ + 6i^z^ = — - v*. 



Hence z = =tV/ - 3i;2± ^f — + 817* j ; but ^ = «, therefore 

* = =^\/ (""^^\/"T^)- Now,a: = | + «andy = |-«; 

hence the other values. 28. To (1) add the double of (2) 
and also subtract it ; then a^ + 2xy + y^=121; and a^ — 2xy + 
y^ = 9, hence x + y and x-y. 29. Divide (2) by (1) and 
take the quotient from the square of (1), then 3a;y = 51, .*. 
xy = l7 and 4a^ = 68. Take this from the square of (1), 
hence ar — y = ±16 <fec. 30. Let x = v + z, y = v-z; by sub- 
stituting these (1) becomes 10^* + 20^v2 + 2^^ = 3093 ; but 
from (2) « = f ; clearing and developing 240i;* + 1080v' + 243 = 
49488;.-. 16v* + 72t;^ = 3283;.\ <fec. 31. Here(^a;- Jyf^ 
( Jx- Jy) = ; complete the square by adding ^ and take 
the root; then Jx- Jy=l or 0; but Jx+ Jy = 5,\&c, 
32. Assume x = z + v, y = z-v.\ from (1 ) « = 2 ; also a^ + 
3^2 = (2 + v)2 + ( 2 - i;)2 = 8 + 2^2 and a^ + 3^ = 1 6 + 1 2i^2. Hence 
(8 + 2^2) (16 + 12^2) = 280 ; .-. (4 + ^2) (4 + 3i;2) = 35 . that is, 
3t;*+ 161^+16 = 35, or 3t;*+ 16i;2^19, and 9^;^ + 48t; ^ = 57. 

Hence 9v* + 48^2 ^. 54 = 121 jjence v = ± 1, or ± ^y - ^|' 
Hence easily a: = 3 or 1, or 3 ± A/ ( - .j-j ^^^ y = 1 or 3, 



• 
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or 2=p>v/ (-y). 33. Multiply (1) by aj-y then x^-y^- 

^(a;^— 2/2^ =6. Tins quadratic gives i^/(aj2-^) = 3 or- 
2, . *. 0!^ - y2 = 9 or 4 . but aj^ + y^ _ 41 . lieuce a; and y easily. 

3i. Multiply both terms of the first fraction in (1) by ^{y^ + 
1) -1, and both terms of the second fraction by ^^(a; + 9) - 3 

the terms of (1), then y and x disappear as factors of the 
radical, and we get Sj.^-^.^ = ^(FrO)— s" Employing 
the artifice of Exs. 3, 11, pp. 139, 141, we obtain ^(y^ + 1) = 
^V{ar+9),aiid.%2/2 + i=,^(a.+ 9)....9^2 = ^. In (2) put 

this value of a, then ^y\y^ + 22/ + 1) = 36^ + 64 \ transpose 

36y5, and ^y\y^ - 2y + 1 ) = 64, which readily gives y^~y = ± - . 

o 

35. Let yrr-y + ^J, af = v-«, then (1) becomes i;^ _ 2v« + 9^2 = 

17.. .(3), while (2) becomes 4v«=16...(4); take (4) from (3) 

and extract the square root of the answer ; this gives v - 

3« = ± 1 . . .(5). Adding twice (4) to (3), and evolving, v-\-Zz = 

4 
±7. ..(6). From(5)and(6)i7 = =fc4, or±3, « = 3fcl, or=fc , hence 

X and y easily. 

XVI. THEORY OF QUADRATIC EQUATIONS, 

p. 191. 

1. Clear, transpose and the quadratic is '[^<]^ - 2mpq ^ 
?i--w^, which is to be solved with respect to pq, 2. 
Arrange by the powers of a? ; a^ + (a + 6 — 9)a5 = (a - 5)(4 - ft) ; 
complete the square and develop; then a52 + (a + 6-9)a; + 

(?^t.|z^y= 4a - oft + 56 - 20 + l(a2 + 2a5 + 52 - 18a - 186 

+ 81) = i(a2-2a6 + 62-2a+26+l)=J(6-a+l)2, .-. x + 

^ — ==*= ^ — • 3. The expression reduced gives the 

quadratic a2 + 43a = 594. 4. Here aj2 „ 5a. = 6000. 5. Here 
(x - 10)(a3 + 9) = 0. 8. Incorporate, and divide by c and we 
have 31? - 2aas + a^ - 62, Jcc. . , . 1 1. Here a52 - 18a; = - 77, and 
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two numbeis are required whose sum shall be + 18 and pro- 
duct + 77 ; form No. 2, p. 189. 12. Here o?- - ^}~x = - X^. 
^ ^ * 110 110' 

and the numbers must be such that the product with sign 

1 21 

changed is - ^-y^, and sum with sign changed is — ^-r^; 

form No. 2, p. 189. 13. See form No. 3, p. 189. 14. See 
form No. 4, p. 189. 15. Here ^a:*- 2x= - 10, and 62<4ac 
.'. the roots are imaginary. Again, 3 = a, 8 = 6, — 6 = e and 
62<4ac, &c. ; the roots will be found imaginary bv solviog 
the equations. 16. Here 6* = 961, 4ac = 120, 6* - 4ac = 841 = 
29^, and the roots are reaL 



XVII. PROBLEMS PRODUCING EQUATIONS, 

p. 198. 

X X 

\. Let X be the number, then ^ + = = 20. 2. Let a; be the 

X 

number, then 4a; - ^ = 14. 3. Here 2a5 + 6 = a. 4. Here 2x 

'-a = h. See Exs. p. 49. 5. Here- + r = c: .*. a5= t\ 

^ a b ' a+b 

so that particular solutions will be had by dividing the con- 
tinual product of the three numbers by the sum of the two 
first. Thus if the 8th and 9th parts of a number make 68, 

*!, ' u • ^ ^K *k • 8 . 9 . 68 4896 . 

the number is found by the expression — ^ — ^ — r, or -y=-,i.e., 

288 ; and this answer is easily veiified. 6. Let x be the less 
then a; + 9 is the greater; .-. 4a; - (2a; + 18) = 14. If x be the 
greater then a; - 9 is the less; .•. 4(aj - 9) - 2a; = 14. 7. Here 
Ha; and 17a; are in the ratio of 11 to 17; .*. lla;+ 17a; = 56. 
Or, the parts being x and 56 -a;, we may say, as x: 56 -a; 
::11:17, .-. 17a;=ll(56-a;). 8. Here a; + (a; + 14)= 150. 9. 
Plainly f(3a;-4) = 12. 10. Let a;=the share of the thii-d 
person since the others are expressed in terms of it; then x + 
(a; + 9) + (a; + 9 + 15) = 300. The general statement of such 
questions is in the form 3a; + 2a + 6 = c, where x = ^ , (c - 
2a - b), and the other shares are J(c + a - b) and ^{c + a + 2b), 
(1.) Here the others are expressed in terms of the quantity 
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of water, so that we put this = x ; then 03 + 15 = wine and x + 
15 + 25 = spirits. Hence a; + (a;+15) + (aj + 40) = 3a: + 55 = 
100; ,*. 33= 15 = water, wine = 30, spirits = 55. (2.) Here 
A*s part = x; .*. a? + (a; + 15) + (x+ 39) = 159, and the parts are 
35, 50, and 74. 11. Here 100- Ja? = 2a;-100; the general 

" /r J- /t 

statement is a — mx = nX'-b, whence x = , Thus, find x 

such that 220 exceeds llo? as much as VJx exceeds 102; then 

220 + 102 
a5 = -Ti — T^r- = lli» Find x such that 12aj shall exceed 42 
11 + 17 ^ 

as much as 48 exceeds 6a3 : then x = -x — =-s = 5 &c. 12. Here 

' 6 + 12 

X X 

X being the length of the pole, ^ + j+10 = ar. 13. Similarly 

x] ,\ head = 9 + ^a: ; . •. by question body = 9 + (9 + \x) = a?, . . •. 
a:=18 + Ja;;.-. body = 36 lbs.; .-. head = 27; tail = 9. 15. See 
Ex. S, p. 194; 36x+30a? = 396. 16. The space now to be 
divided is 396-36 = 360. So that 36a; + 30x = 360. Or 
36(a;+ l) + 30a? = 396. The time is 5^ hours and distance 
196^ + 36 = 232-^ milea 17. If base = a;, then x + (a;- 11) 
+ (a: — 16) = 75. 18. Here aJ4-ma; = a. 19. Here x + mx + 

nx = a: whence x = = . In the numerical Ex. x = 

1 + m + n 

45 
-= — -jc — = = 5: the other numbers 15 and 25. 20. Here a; + 
1 +3+5 ^ 

(x + 42) = 812. In generalizing this we have for sum a, and 
for difference 6; and the answers are ^{a + h) and ^(a - 6), see 
note to p. 25 and Exs. on p. 49. Such questions as the 
following are at once solved by this expression. An ex- 
cursion train contained 564 persons, and there were 32 more 
men than women; the numbers are ^(564 + 32) and ^(564 — 
32) or 298 and 266, A cask contains 84 gallons of rum and 
sherry mixed, and there are 72 gallons more of rum than of 
sheriy ; the numbers are 78 rum, and 6 sheiry. 21. The 
ages at first are x and 3a?; after 15 years »+ 15 and 3a; + 15 ; 
hence 3a; + 15 = 2(a; + 15). 22. Let x = the gals, from 3rd pipe 
per minute; then a; + 10 and x-5 are those from the others, 
and 20{a; + (a;+10) + (a;-5)j=820. 

23. Here 19a; and 15 (a;+ 9) are the prices; ,•. 19a;- 1 = 



^ 
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15. (03 + 9); that is, 1/ off the brandy gives the price of the 
rum; i.e. 34 x 19 - 1 = 43 x 15. 24. Suppose the man alone 

to drink it in x days, in one day he drinks -, but the woman 

drinks ^th, .*. 12 f - + ^^j = 1. 25. According as a; is taken 

for the less or the greater, we shall have (34 -iK)-18:18-a5 
: : 2:3; ora;-18:a:-16 = 2:3. 26. If he works a? days, he 
is idle 30 -a;; for the former he receives 2 x shillings^ for 

the latter he forfeits (30 -a;) sixpences; .*. 2a5-^(30-a;) = 

35/. For a general statement we have px - q{n -x) = a; 

hence x = — ; and n-x= — , which will give particn- 

p + q P'^9 

lar solutions. 27. A can do ^th in 1 day, and |ths of the 

X X 

work in x days ; so of B ; . *. - + t = 1| 1 being the whole work 

a 

/J* O* O** 

Similarly -+ ^ + - = 1, &c. Substitute in the general ex- 
pressions for the particular solutions (see Ans. p. 344). 28. 
Let X be the number of bees; .% a? - f a/ a + ^xj - 2. Thi 

S /x X fx 9 

eivesa;-ga;-'Y/2 = 2,org- Y^2 = 2- Multiply by ^; 

X 9 / X 
then ^ - .t\/ 9 =^ ^ ^ * quadratic which gives the answer 

readily. 29. See Ex. 6, p. 195. Here x being the time 

past 1, we have 12:1 ::1 +«:«; .-. llaj = P = 60"*, .-. aj = 5^"' 

past 1. The minute hand moves over 12 of the hour 

spaces, while the hour hand moves over one of them; being 

together at 12, when the minute hand returns there the 

hour hand will be at 1 ; and the next concourse will be at 

1* o^^*". Now, in any time the hour hand passes over -j^th 

the space passed over by the minute hand, and * being the 

number of minutes past (yrue at which the hands are together 

la;. 
=-^ . aj = =-^ will be the number of minute divisions that the 

hour hand has gone forward; so that we have 6 + =^0 =i », or 
60 + a; = 12ar, . •. 11a; = 60 and x - 5^^**. For the suo- 



is 
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cessive hours 2, 3, 4, <fec., the statements will bel2:l::2 + a;:a5; 
12:1 : :3 + a::a5; 12:1 : li + xix; &c. ; the common interval 
is 1*5^^"*. 30. Let the capital of the first be a; ; then 2a?- 
100, 2 (2a? - 100) - 100 or 4a; - 300, and 2(4aj - 300) - 
100, or 8a; -700 are the amounts of the capital at the ends 
of the first, second, and third years respectively. To find x, 
put 8x - 700 = 2x; and 8x - 700 =|a;. 31. Here 50 - a; = 2 x 
(35-a;); .-. a? = 20; .-. 1830 - a; = 1830 - 20 = 1810. 32. 
The ages are x and 3a;, and a; - 7 and 3a; - 7, .*. 3a; — 7 = o x 
(a; - 7). For a general statement, mx — a = n{x — a), . '. a; = 

-^^ -. 33. Let 2x and 3a; be the miles per hour against 

and with the stream ; the difference x is twice the velocity 
of the stream. To find the times, divide the spaces by the 

velocities, and we have ^^ and o~>-*-o~ + o- = l^^ hence x = 

Zx ox Zx ox 

5 5 

Q and velocity ==. 34. Let a; = the copper, . •. 100 - a; = the 

21 17 
tin ; .*. — 'a; + -t-(100 - a;) = 505. 35. Let x = value of each in 

sixpences, then x — 5 was the value after filing, hence 1 6(x - 6) 
= 8 gns. 36. Let x and y be the shares; then, first, a; + 
100 = y- 100; second, y+ 100 = 2(a;- 100). 37. Let « = 
price of port, y= price of sherry; then 20a;+ 30y= 120; 

X or -^ 4- 
and 30a; + 25 w = 140. 38. Let -= the fraction: then 

y y 

1 aj 1 T 1 ^ + a -L X 7 a + cfc 
= -; ■= = ■=- In general =6, =a; .-. y~-, ;, 

2 y + 7 5 ^ y 'y + c ' ^ h-d' 

x = ^—^ f-; whence other solutions. 39. Let a; = number 

of guineas, y = number of moidores; then 21a; and 27y are 
the shillings paid. Hence a? + y = 100 and 2 la; + 21 y = £1 20 
= 2400/. 

40. Let X and y be the time in days in which 

each could drink the whole, .*. - + - = consumption of 1 day 

X y 

by both, and - + - that of 6 days; but — is the woman's con- 
^ ^ y ' ' y 

sumption for 30 days; calling, then, the whole quantity 1. 

F 
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. , 15 15 - ^ 6 6 30 - ,, T- , , , 

we have — + — = l:ana-+-+ =1. 41. Ijeta;aiid y be 
X y ' X y y 

the quantities of rye and wheat, then 9a? and 12?/ are the 

values in fourpences; also 28 bush, x 7 = 196, the value of 

the barley in foutTiences, and 3/4x100 = 10x100 = 1000 

fourpences, is the value of the mixture; hence the equations 

are a; + y+28=100; 196 + 9ar+ 12y :^ 1000. 42. Let a? = 

the No. of turkeys, y = No. of geese ; then we have 3a? 

turkey feathers and y goose feathers; .*. 3a;-2y = 15...(1). 

On arriving (y + 10) was the No. of geese and (a5-15) of 

turkeys, .-. y+lO-.x- 15 : : 7 :3, or 3y + 30 = Ix- 105. ..(2). 

Combine this equation with (1). 43. The digits being x and 

y, the number is lOaj + y; and, calling the quotients q and 5^, 

we have — j— ^ = g + ^ ; — ^- = 5' + ^. Now by the data 

q' = x^ the digit on the left, and ~z^y, the digit on the 

• ui. TT J.^. J.' 10a; + y -. 3 10a; + tf 

right. Hence the equations are — j— ^ = ■^•^ + 7' — q~^ 

^ AA rvu J.' 1-1 10^^ + a; „- 10m + a? 

=x+ ^. 44. The equations plainly are — = 21 ; — + 

tj y -^ X y '{• X 



X . , a? 



1 7 = 1 Oa? + y. 45. Here the first loss = -^ ; remainder, ^ ; he next 
has + ^i ^oss, p + 2 ; remainder, ( b + ^ ) " ("^ + 2 j =^ - + 4. 
Again he has f « + 4 j + 12 = = + 16, 1 of this is ^ + 4, which 

X XX 

taken from -3 + 16 leaves ^ + 12 ; .*. j + 12 = 2 gns. = 42/. 

46. Plainly here a;(a?+ 16) = 960. 

47. Let X = the second number, y = difference of second and 
least, then the numbers are x - y, x, x + y + 5 ; .: 3a; + 5 = 44, 
anda?=13,.-.(13-?/).13.(18 + 2/) = 1950;(13-y)(18 + 2^) = 
150 and 3^2 + 5^ = 84. 48. See Ex. 9, p. 196; 100: a;:: a;: 

24-a:; .-. ^-g- = 24- a?; a^ + 100a? = 2400. 49. Here x^ + 

72 

(x + 12)2 = 2120. 50. Here — is the price of each, the num- 

X 

72 72 

ber being a;; and 77 = 1, .-. a?^ + 6a? = 432. 51. Let x = 

a; T o X 
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hypotenuse; then (Euc. T. 47), a^ = (a? - 3)2 + (a? - 6)^, or x^ - 
18a: = — 45. 52. Let Ga? and bx be the sides, then area = SOa;^; 
also ai-ea planted = ^-SOar* ; . •. ^-SOa^ + 625 = Z^t^, or 25aj2 = 

625. 53. Let x — A's rate, .*. a? - 1 = B's : also — = -^ — = 

X veloc, 

A's time and z = B's ; .-. — + 1 = — -. 54. Here a? + 

X— 1 X X- 1 

(a? + 4)* = 1066. 55. Let a? = No. at first; .*. a?- 2 = No. at 

175 175 

last; also £8, 15s. Od. = 175/; the shares are and — -., 

X a? ^ 2i 

and the latter being the greater, we must subtract 10 to make 

175 175 

them equal. Hence ^ - 10 = — . 56. Here xy - 300... (1); 

and (3^+10)(a:-8) = 300...(2); from (l)and(2), 10a; -8y = 
80, . •. lOory - 8^2 - 80y = ; but 10a;2/== 3000 from ( 1 ), . •. %y^ + 
803^ =s 3000. 57. Here, x being the greater, f y + ^^ = 7 

X 

and ^ - ^=2. 58. Let a? = AB, A', B', the persons; then while 

A' walks to a, (a? - 1^) miles, B' walks 1^ miles, and on the 

return while A' walks (2a; - 1) miles, (the second meeting 

1 * * 14 

being at 6,) B' walks (a? + 1) A 1 1 — ~ — b 

miles, and the rates being uniform we have a:- 1^ : 2a?— 1 : : 
1^ : a; + 1, .-. a: = 3^. In 1 hr. A' walks (1^ + a? - 1)=4, miles, 

and B' walks (a?- 1^) + 1=3, milea 59. Here x->ry'=^^' 

3 y 

and y + a? = 4>-. 60. If a? =rperp. and y = base, hyp. = ^{^ + 

SI X 

^2), (Euc. T. 47) ; but area = \ -xy, .*. \xy = J{a? + ^^) + a; + 

y . . . (1 ); also, by the data, od^ + y^=i{x-\-yY — \xy^. Hence ixy^=: 

2xy ; and y=S. Put this value in (1), then 4a? = J{a^ + 64) + 

105 
03 + 8. 61. Let a?»r miles per hr., then — = No. of hrs. he 

X 

105 
travelled, and ^=No. of hrs. if he had travelled slower; 

05-2 

105 105 

.*. + 6 = x» See Prob. 55, 62. Let x and a? + 5 ex- 

X x — 2 

press the numbers, then smaller flock is worth xx - ar^, shil- 
lings, and the larger, {x + 5)(x + 5) shillings; .*. a:^ + ar* + 10a: + 
25 = £65, 13s., Od. = 1313 shillings. 63. The stocks are here 
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X and 416 -a?; the gains, 228 -a; ami 252 -(416-^1?) = ar - 
164; but the shares being proportional to the product of the 
stock and its time in trade, 9ar : 6 (416 - a;) : : 228 — x:x — 164, 
and this gives the quadratic ot^ + 796a? = 189696. 64. Let x =5 
the rate of both since they are always equidistant. The 
geese travel 1 J miles per hour, and they travel over the five 

miles interval (50th to 45th mile) in 5- 1|(= - . =<) = 

i. , hours; hence in that time A travels -«- miles; hence —^ 

-5=A's distance from B...(l). Again, since A travels %x; 

2a; 2 

miles in 2 hrs. and B -^ in 40"* = « hrs. and since they are on 

opposite sides of the respective milestones we have, 50 - 2af 

2a? 
and 31 + -Q- for the distance from London at which A and B 

8a: . . 

met the waggon, the difference -^-19 is the distance passed 

over by the waggon between the meetings; now the rate of 

the waggon is 2\ miles per hour and time = X^. Hence 

(8a: \ 9 4 /8a: \ 
-«■ — 19 j -i- J, or Q ( "5 - 19 j, hours is the time elapsed be- 
tween their meeting the waggon. During this time A 

4 /8a: \ 
has advanced A -^-\^jx miles, and the distance between 

A and B now is -s- - 19 + -q- ( -«- " ^^ ) miles.. .(2). Equating 
(1) and (2), since A and B are always equidistant, and 
aking slight reductions we have, — f-^— 19j = -5- + 14; 
which finally reduced, is 16a;* - 123a; = 189. This quadratic 
gives a;--^= ± g^, .•.a: = 9; hence by (1), -^-5 = 25, 

B's distance from London when A arrived. 65. On the first 

morning the watch is 11* behind; two days after, at 9 o'clock, 

or 45 hours after, it was 2* behind ; hence it gains on the 

clock 9« in 45 hours, or -J- of a second per hour. Let now a? 

be the ahaohUe gaining rate of the watch per hour, then 

0*1* 0*1* 

since -^ is the gaining rate of the dock, x - ^cy is the gain 



m 
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01« 1 

per hour of the watch upon the clock, .'.a? — "oi-= ^, .*. a5 = 

49 J4: 

^j^; aud the gaining rate of the watch in 24 hours is 4*9 

seconds. This answer is only approximate. 

66, Denoting the whole work by 1, and the times 

byaj,^,«, wehave-- = A's work + B'8...(l); T=A's+Crs...(2); 

^ = B's + C's...(3); .-. ^ - ^=B's - Cs...(4). Adding (3) and 

(4), --U-!:=2B's = 2--, .-. y^—^^ . To find x 

' a c y ^ ao + oc — ac 

combine (1) and (3) and to the result add (2). To find z, 
take (4) from (3); then - + -=---= 2 -=-, &c. 67. Leta; = 

C Cb Si Si 

No. of companies, then 4:X=lSo, of men sent from each, 
hence 4a?. a: =4a:2= whole No. of men. Also 3a; = additional 
No. furnished, hence ^x^ + 3a; : ix^ : : 17 : 16 ; .*. 68a?2 = 64a;* + 
48a;, &c. 68. Let x and y be the distances travelled by A and 
B before they meet; then, A's i-ate : B's : : a; : y,..(l). But since 

veL =. ^^ or i?=- , v' = ->,then v:v^ :: - ; -7, but if the spaces 
time t z t i ^ 

are equal v : t/ : :— : ;?, that is t? : i/ : : ^ : ^; that is the vel. is 

as the time inversely. Hence we have, A's rate : B*s : : ,^ : 

^^...(2). Compounding proportions (1) and (2) we have, 

(A'srate)2:(B's)2::^:|^::l :g^:: 36 : 16 ::9:4;.-. 

A's rate : B's : : 3 ; 2. Again, let «= A's time in hours, then 

«+20^B's time, (36 — 16=20). Now, a being given, < is 

1 
proportional to -, i,e.^ the time is inversely as the velocity; 

hence » : « + 20 : : 2 : 3 ; .-. 3«=2« + 40, or «=40, and z + 20= 
B'8time=60. 

69. Let X = length of railway in miles ; y = diff. of times 

of starting in hours; then 5^, — ( =- = n are the times in 

which the trains would perform the journey j hence o^ +y = 

^or^ = 2^-y...(l). Again —gg— = time by mail train 



X 
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2 X , 

before collision, and « • o-j = time by luggage train before the 

24 X 

accident to it; also (by the question), {^x - 12) -r- -^- or «^ - 

1 is the time between the accident and collision. Now, 

x—12 2 X 
deducting the difference of starting we have ^^ ~ ^ * 9Z "*■ 

(^ - l) - y ; or ^^ = fg - ^ - 3^' • '^^> ^"^*"'^* ^^^ ^''^^ 
(l),then^=l-^^ and a; = 48. From (1), y = 2-^ = 40"*. 

For a general solution (1) will become — = — y...(l') ; and 

(X \ n 2j?-6a - x-a 2 x 2a? -6a ,^v 

The difference of (2') and (1') is — = s — o-+ —y whence 

^ ^ ^ ' m on on n 

\ mj ^ n m mn mn \ m/ 

a. 70. Let x = the number of miles from Edinburgh ; then 
47i-a:=distancefrom Glasgow; but 11*40"*- 10*30"'- 70* 

and 11* 20"* - 10*=80"*; then -^ and -g^are the rates from 

either end, the speed being uniform by the question. Also 

-r- -»^ f = - = n is the time of the Edinburgh train, and (47i - 

47i 
a?) -t- -rr^ that of the Glasgow train ; now the difference in 

471 
time of starting being 30"*, we have by the data x -s- -=^ +30= 

(47J-a;)-^Ji This gives ]^y|+ 30 = 80 -|^; .-. a? = dis. 

tance of point of meeting from Edinburgh = 15|-, and distance 
from Glasgow, 31|^ miles. 



XVII. INDETERMINATE COEFFICIENTS, p. 214. 

1. Assume t A + Baj + Ca^ + Dic^ + &c., then multi- 

b + cx ' 



X 
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plying each side hj h-^cx, and transposing a we have, = 
(A6 - a) + (Bb + Ac)x + (C6 + Bc)x^ + (Db + Cc)a^ + &c., . •. 
Ab-a = 0,Bb + Ac = 0,Cb + Bc = 0, D6 + Cc = 0; these give 



oc 



ac 



,2 



ac^ 



^2a: + -^aj2--^a^ + &c. 



2. Assume 



a + fec 



= A + 



'Bx + Cx^ + 'Da^ + 'EjX^ + &c., then multiplying by the deno- 
minator, and arranging the terms 



a + bx = Aa' + Ba' 
+ A6' 



05 + Ca/ 
+ Bb' 

+ Ac' 



laj2 + Da^iT^ + Ea' 



+ 06' 
+ B</ 



+ D6' 

+ Cc' 



a5* + <kc. 



.•. Aa' = a, A = — , Ba' + A6' = 6, B = -, - A--> = -/ j^ = 

a a a a a^ 



a 



'2 



a 



a 



aX/^ - ao V - aW 



a 



, d^c. 3. Assuming the same series, multi- 
plying by the denominator, arranging by the powers of x, and 
transposing all the terms to the same side, we have 



A-1+ B 
-2Aa 



x+ G a?+ jy 


0:3 4., E 


- 2Ba ~ 20a 


-2Da 


+ A + B 


+ c 



a5* + &c. 



= 



.•. A-1=0, .•. A = l; B-2Aa = 0, .-. B = 2a; C-2Ba + 
A = 0, .-. C = 4a«-l;D-2Ca + B = 0, .-. D = 8a3_2a; E- 
2Da + C = 0, .-. E = 2a(8a3 - 2a) -(4a2_l) = 16a* -8^2+1, 
&c. 4. In this case there will be no odd powera in the root 
since its square, 1 + x^^ contains none, hence we may assume 
^(1 + a?2) = 1 + A^ + A^ic* + A^x^ + (fee. Then squaring both 
sides and an^anging the terms, 



1 + iB» = 1 + 2A2'a;2+ 2A4 la;* + 2Ag 

I + A/i +2AjA, 



ofi + kc 



.-. 2A2=1, A2 = i 2A4 + A,2 = 0, .-. A^= -iA,2= -- 



1 



2.4' 



1 



1.3 



-^«""~^^^*~"2.2.4-2.4.6 



., (fee 5. Assume ^(1 - a?) = 

A + Bx + Ca;2 + J^j^ + <fec. \ then squaring and aiTanging terms 
&c. 1 - a; = A2 + 2ABr + (2AC + B2)a;2 + (2AD + 2BC)a^ + 
(2AE + 2BD + C2)a* + &c.; A2 = l, A = 1;2AB= -1,.% B = 
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_2BC__B0_1 1 1_ ' 1.3 

i'2~ 



2AD + 2BC = 0, .-. D = 



«, Ac. 



2A A 2*4 2 2.4.6' 

6. Assume here as before, multiply and arrauge; then 



a = A+ B 
+ 2A 



x+ C 


x^+ D 


+ 2B 


+ 2C 


+ A 


+ B 



3^-\-&C 



Then A = a; B= -2A=-2a; C= -2B- A = 4a-a = 3a; 
D = - 4a, &c. The same quotient will be found by actual 
division, Arts. 81, 82, 83. 7. Assume the same series as 
before, and multiply by 5 + 7x, then 

3 + 2a; = 5 A + 5Ba; + 6Gx^ + 51>x^ + <kc. 
+ 7Aa7 + 7Br2 + 7Ca:2 + ^q. 

Hence, 5A = 3, and A-^; 7A + 5B = 2 ; 5B = 2-'|1:, B = 
?-^^--1^.7B + 5C-0 .C--^B-^-^-^^-5D= 



5 25 

7r. 7.7.11 _ 7.7.11 



125 
here becomes 

l+2ar = A + B 
-A 



125.5 



72.11 
63.5 



ar- A 


aj2-B 


a^^C 


-B 


-C 


-D 


+ C 


+ D 


+ E 



58 

; &c, 8. The series 



a;*+<fec. 



Then A = l; B- A = 2, .-. B = 3 ; C = B + A, .-. C = 4; D = 
B + C = 7;E = C + D = 11, &c. 9. The series here is, taking 
1 for A, Aj for B, Ag for C &c. 



= 1+Ai 


aj + Aj 


x^ + A^ 


a^ + A^' 


+ 1 


+ A, 


+ Aa 


+ A3 




+ 1 


+ Ai 


+ Aa 






+ 1 


+ A, 



ThenAi=— 1; A2 + Ai + 1 =0, .-. Aa = ; A3 + Aj + Ai = 
-1, .-. A3 = 0; A^ + A3 + Aa + Ai = 0, .*. A4 = l, .*. <fcc. 10. 

A B 

Let the given fraction equal =- + „, then a? + 3 = A(a5 + 

2) + B(a:-l); whence A + B = l, 2A-B = 3; .-. A = |, B = 
-^; or thus: assume as before, and multiply every term by 

x-l ; then ^ = A + — ^^ — s-^. In this put a; - 1 =0, .•. 

07 + 2 x + 2 ^ 

« = 1, and f = A. Kext multiply each term by a? + 2, then 
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x-l . x-l ' ' ^ 



11. Here we shall have 



x + 1 



B 



iB2-7a;+12 x-S x-4c 



1, 4A + 3B = - 1, .*. A = - 4, B = 5. 12. Assume here for the 

ABC 
three component fractions s> =r> t> • '• ^-s before x^ = 

A(a:2-l) + B(rB2-a;-2) + C(a;2-3a? + 2), whence A + B + 
C=l...(l). -B-3C=0...(2). -A-2B + 2C=0...(3). From 
(2) B= -30, .-. from (3) 8C=A, and C=|a, .-. from (1) A- 
3C+C=1, orA-2C = l, i.(?.,A-iA = l, andA = ^;.-.C = 

1 A 
i,andB= -30= -i,<kc. 13. Le t. . .. jr: \= + 

* * (x-\-a){x + b){x + c) x + a 

B C 
g + , then 1 =A{x-\-b){x^^)+B{x+a){x+c)+C{x+a)x 

(x + b), Now, according to the principles of the method this 
equation is true for any value of a; ; hence we may put x = 
— a, then x= —b, and a? = - c, on each of which suppositions 
two terms will vanish ; we shall then have 1 = A(a - b){a — c);. •. 

(a-6)(6.c);.%B=-^-~^^^^_^; for - & + c = - (6- c). 

l = C(a-c)(6-c);.-. C = ^^— ^y^^-^^;for(-c + a)(-c + 6) 

1 A B 

= (a-c)(6-cV.\ &a 14. Assume —r t = + + 

n 

^ ^; .'. l=A(:r-a)(a?2+a2) + B(aj+a)(a2+a2)+C(a;+a)x 

(a5-a)...(l). Multiplying and arranging the powers, we find 

1= -Aa3 + Ba3-Ca2 + Aa2 x-Aa ay^-{-A a? 

+ Ba2 



x-Aa 


a2 + A 


+ Ba 


+ B 


+ 


, 



.•. A + B = 0, .*. A = - B; - Aa + Ba + = 0, .*. - Aa - Aa + 

C = 0, .-. C = 2Aa; - Aa3 + Ba8-Ca2 = Ij .-. -Aa^-Aa^- 

2Aaa2 = l,.-.l=-4Aa3,.%A= - -1;.-.B= -A=, —,;.'. C = 
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2Aa=— TT-r.. Hence 



9~WZ& 2\* ^^ thus, let x= -a in eqn. (1) above; then 

1 = A{ - 2a) (2a2) = -4Aa8.\A= -j-^-g. Let x = a, /. 1 = 
B. 2a . 2a2, .-. B = j^. Letar=0,.\l = - Aa3 + BaS-Ca^,/. 

1 =^ - Ca2, .-. - -3-7 = ; since £^3 + 4V " ^ + i =i l^- 

Assume -5 5 — s- = t + — + — o» ^^^^ 1 = -^.(a^ - 2a?) + 

B(a:2 _ a: _ 2) + C(a^ + x). Arranging the terms, 1 = (A + B + 
C)a;2-(2A + B-C)a?-2B, .-. -2B = 1 and B= -|;.-.A + 
C = ^,also-2A + C= -^,.-.3A = landA = J,.-.C = |--^=i. 
16. Since - 25 = 5( - 5), assume Ao? + 5 and Bx - 5 for the 
factors, then ABa^ + (6B-bA)x - 25 and 12^2 + 5a: -25 
are identical. Hence AB = 12, 5B -5A = 5,.\B- A= l...(l), 
and B2 - 2AB + A2 = 1 ; but 4AB = 48, .-. adding this, B2 + 
2AB + A2 = 49;.-. B + A = 7...{2). Eqns. (l)and(2)give B 
= 4, A = 3. Hence the factors are ^x^-5 and 4iP - 5. The 
same result may be had by solving the quadratic 12jf2 + 5x^ 
25 ; this gives a? = |^ or - ^, .-. the quadratic in its reduced form 
is {x - ^){x + 4) j or in the above form (4a: - 6)(3a3 + 6), mul- 
tiplying the one by 4 and the other by 3. 17. Since the 
only factors of 2a?2 are 2a; and a:, assume the factors to be 2x 
+ Ay + B and x-\-ay + h. These multiplied together become 
2a^^ + (2a + A.)xy + Aay'^ + (B + 2h)x + (Ba + A.h)y + B6 ; then 
equating like factors we have 2a + A= -21... (1); Aa = 
-ll...(2). B + 26=-l...(3). B6=-3,..(4). Ba + A6 = 34. 
Multiply ( 1 ) by a and in the result put for Aa its value in (2), . *. 
2a2 + 21a=ll. This Eq. gives a= -11, and.-. A = l. In 
the same way we get from (3) and (4), 6 = 1, and B = - 3. 
18. Assume y = Aa? + Ba:^ + Ca:^ + &c. 

Then since y = Aa; + Ba;^ + q^ + ^q^ 

_a3^= -aA^a:^-3aA2Ba:^-<kc. 
+ by^ = + 6A^a:^ + &c. ^ = 

(&c. ko. 



-a;= —x 



,\ equating coeffs. of like powers A-1=0, .*. A = l; B 
-aA' = 0,.\B = a;C-3aA2B + 6A5 = 0,.\O = 3a2-6,.-.(fec. 
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1 9. Assume y - Ax — Rr^ + Cx^ ■ 



i(B2 + 2AC)a;* 



&c. &c. [ 

--iC= -05 J 

.-. A-1 = 0.-. A = l; -B-JA2 = 0, orB= -J; alsoC + J. 
2AB + iA3 = 0, .-. C + AB+iA3 = 0, .-. C + { -4)+ ^ =0, .-. 
C = J-^ = J; -D-i(B2 + 2AC) = 0,.-.-D-(iB2 + AC) = 
and -D-(^-^) = 0, and .-. D + (^~^) = and D = 3^, <fec. 
20. Assume y = A^ + Bo^ + Coo^ + &c. 



and -D-(^-^) = OVand .-. D'+(^~^) = and D = 
20. Assume y = A^ + Bo^ + Ca;^ + &c. 
?hen 2/8 = A^x^ + 3Amj^ + 3 A^Cx^ + &c.^ 

4- 3 AB2j;7 + /fee. 



Then 2/8= _„ . . . 

+ 3AB2a;'^ + <kc. I 
-3y= - 3Aa? - 3B.^:8 - 3Caj5 - 3Da;7-&c. f 
+ x =x J 

Then as before -3A + 1 = 0, or A = J; A8-3B = or B = 

-|' = i;3A2B-3C = 0,orC = i; .-. &c. 

21. Assume y = Ax + Bx^ + Ca^ + &c. 

.-. 2y =2Aaj+2Ba^ +2Ca;5 + &c. 
32/8 = 3A3a5 + 9 A2Ba;5 + 9A2Ca;7 

+ 9 AB2a;7 






iA^OC^ + &C. 
<&C. 



= 



_ OJ ^ __ /JJ 

.-. 2A-1=:0, or A = J; 2B + 3A8 = 0, or2B= -|, .-. B= - 
Aj2C + 9A2B+4A5 = 0,or2C= -4A5-9A2B= -^*^-9.ix 

/ _ S\ 4,27 — 1« " --- 



= ^^, &c. .-. &c. 22. Let here 



a; - 1 = « and assume y = Az + B«2 + 0^58 + p;24 ^ ^c. 

Then ^.2/2 = JA2«2 + J.2 A B;^^ + J(B2 + 2 A0)«* + &c. 

^.2r^ = ^A8«3 + 3 A2B«4 &c. 



1 



3^A*«* &c. 
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XIX. XX. PROPORTION AND VARIATION, 

p. 232. 

... 11. Here (Art. 167) the numerators adfy hcf^ hdeoi 

ft f» A 

the three ratios -r, -y, -i. are represented by 2340, 2310, 2288, 

the common denominator being 2145, or comparing Ist and 
2nd, 2nd and 3rd, 156, 154 ; 210, 208, the denominators 143, 
195 being suppressed. Also the measures are 1-^, l-j^, l^^j 
the first ratio is the greatest, the third the least. 12. Here 
(Art. 167) ewZ = 2a2 + 24a + 40, and Ac = 2a2 + 24a + 64, and 
since bc^ad, the second ratio is the greatest. 

15. By Art. 171 the ratios a±2x:a; a±3x :a; a±4x : a; 
a ± 5a3 : a, express nearly the ratios of the 2nd, 3rd, &c., 
powers, and the ratios a±^x :a; a±^ :a; a±^x :a <kc., 
nearly those of the 2nd, 3rd, &c., roots. This ratio is the 
same as 2185 : 2184. ... 17. According to the supposition 

,^a o ^ + y xi o ^''^^ + V 9 

let -=n^: =n: then a = rrx, .*. = n, .*. n^x + y = 

X x+y x+y ^ 

nx + ny, and .-. x{n^ -n) = y(n - 1) or nx{n - 1) = y(n - 1), .•. 
nx = y&iid - =n. Now =^2, .•. ^ = -, and y^x = ax^f .-. y* 

X X x^ X 

= 005 and y— ,Jax9 the mean proportional required. ... 19. 
For 12 : 24 : : 16 - 12 : 24 - 16 : : 4 : 8, and 2 : 3 : : f : f ; 
2|:4: :f :1 : :3 :5, i.e., 12:20::3:5. ... 21. The 
ratios are 500 + J x 1 : 500 = 1001 : 1000, 500 + ^ ; 500 = 
1501:1500. ... 23. Let y = ?wa?, .-. 24 = m. 4, and m = 6; 
,\ y= 6x. Again y = mx, ,'. 30 = m . 6, . *. 7/1 = 5, and y = 5x. 
Also y = mx, .*. a^-b^ = m{a - 6), . *. m = a + b; and y = (a-h 
b)x is the equation. Lastly, y = mx, .*. 15 = m. 3, .*. m = 5, 

and y^5x is the equation. 24. Taking any constant m let 

52 

y2 = 7/i(a2-a;2)...(l), but by the supposition 2/-— and 05^ = 

a 

54 

a^ -l^,,'. put these values in (l),-2 = m{a^ - (a^ - a^)} = mb^, ,\ 

n^ = ~2 ai^d y^ = ~2 {^^ •" ^^) ^^ *^® equation required. 25. 

Here2^ = ma;, .-. 6 = m. 4, .-. m = f, .'. y = f . 8 = 12; or, 4 :8 : : 
6 ; 12. 26, Let m and n be the quantities, then 10 = 7w + w. 
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and y = m.x + n, -^, by the question. Also, since y = 13, 

ar= 2, 13 = 2w» + 2> ^^* 10 = m + w. These equations give 
n = 4, .\ 7» -6, and .*. the equation required is y=6a: + 
-g. 27. Here 257^ = m«2; but < = 4, .-. 257^ = w.l6, .-. 
w = 16-^, and .•. «= 16-^.^2 jg the equation. 28. Let 
«=/).-„, y = g. -ji, j9 and g being constants, then y** = 

Y • ^mnj • • X — yZ . — ^ , . . a—pC «i, . . m — mn> • • * — 

z q 9 9^ 

««""*. -m»; or az"^ = xc^. ^d.luet y = a + mx + nx^. .,{l\B,nd 

as a? = 1, 2, 3, y = 6, 11, 18, we have 

6 = a+ w»+ w... (2), since for y= 6, aj=l 

11 =a + 2m + 4n...^3^, . . . . y=ll, a; = 2 

18 = a + 37W + 9w...(4), . . . . y = 18, a; = 3 

from (3) take (2), 6 = m + 3n) o_o __i 

from (4) take (3), 7 = w + 5n/ ' * '^"'^^' •'• ^"^ 

.*. m = 2 and a = 3, .-. (1) becomes y = 3 + 2x + x\ 30. For 
r put moj, for «, n Jx, then y = mx + n ^cc. . .(1), in which m 
and n, as in the last question, are to be determined. Then, 
on the supposition a; = 4, y = 5, (1) becomes 5 = 4m + 2n...(2); 
on the supposition x = 9,y = 10,(l)becomes 10 = 9m + 3n...(3). 
The Eqns. (2) and (3) give m = ^, n = ^; ,\ y = ^ {x+ Jx), 
31. Let a + h = m{a -h\ m being constant, then m = 

V, and -=r- - -s — s-^^ — ^, .-. a2 + 2a5 + 6^ : «« _ 2a5 + 52 . . 

a - 1 a?- 2ab + 6^' 

m2 :1; hence (Art. 183) 2a2 + 262 : 4a6 : : m2 + 1 rm^-l, .-. 

a^ + b2 = — - — — -' . ah, so that a^ + b^ varies as ab. m being 

constant. 32. Putting v for the volume, we have here v = 
mr^, .-. V = m . 216. Now, also, Vj = m . 27, Vg = m . 64, Vg = 
m . 125, .-. i?i + V2 + ^8 = ^(27 + 64+ 125)=m. 216, .-. v = 
m . 216 in both cases. 



XXL PROGRESSION, p. 242. 
. . . 31. Herer = |. 32. r = ^ 33. r = |. 34. r= -f. 



78 KEY TO ALGEBRA. 

35. r = f. 36. r = — y^, and r = f; then Ist, 8 or I a.— — |-J 

1 \J-2J 1 ^/i" 1 ^2" Liz-*/? 

J'2- V*-l ~^/i!_l ~ V2 ' 1 - ^2 - ^2" ^2" 

_>/2 ^/2 

/2 1 1 — /2" 

1 J2^-1 
Divide both terms by - 1, then 8 =— ^. ^^ — -. Again 

8=Y^-\=3J^. ... 42. Here« = ^{26-(7i-l)i},&a 
43. Here c?= -|^; then «= o{l +t- J^)}> <^c- ^^- Here d 

) =-r = — :r— 45. The ratio is here — =-: then 

n / 2 71 2 a-b' 

a-ar^ K - ^ V («^ - ft'')- ( ^-J (a'-^n{l-^,} 

J = ^ =: '■ i 1 



a-b a-b 

a-6 (a+6)(a-6)"-(a+ft) 1 (a + b) { (g- 6)^-1} 

a-ft-l" {a-bf-' 'a-b-l^ia-bf-'' a-b-l 

46. Here.^=-^;ia.en. = |{?(!?^-l-(n-l)x(-?)} 



^J 2(n-1) +2(n-J_)) 



. . . 61. Applying the formula at the end of Art. 216 
wehavea = 3,^=12,w = 4, theng-j-2j = -^ = 4;^-j-y^=6. 

and the means are 4 and 6. Or thus, by Art. 213, ki -> -> 

•^ o X y 

rr, are in arithmetic progression, .*. a + 3c? = 3^, and 3c? = -j^ 
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the A. P. is ^, \y ^, ^, .-. the H. P. is 3, 4, 6, 12. Again, 

113 
converting the terms into an A. P. we have l+-+- + 7>; .*. 
° X y 2 

f = a + 3rf,.-. c? = J; .\ the A. P. is I + ^ + a+I; and H. P. 
is 1 + y + f + f . The same will be found by substitution as 

above. I^tlyi!^fM.^^2 = 8;,-i^^9M^,= 12. 62. 
'^ a + {n-2)l 54 ' 2a + {n- 3)1 

^ + . . + . . T2- is the A. P., and ^^ = 1 + 5^?; .•. c^=-^ 
and the A. P. is 3^, |, i, J, ike, and the H. P. V^ 3, 4, 6, 

. ^ (7i-l)aZ 5.2.12 120 12 . ^. ^ 

«c. Or -^—7 — Siw=o — rTo="i-;r= ^> ®c- 64. Herew = 
a+(w-2)^ 2 + 4.12 60 5' 

%.\ -J=l + 8J,.-.c^= -^,&c. 66. Here 72 = I (36 -.2n), 

and w^ - 18n = — 72, .•. w = 12, or 6. The first six terms make 
72, and if we continue the series to 12 terms, the sum is also 
72. See Ex. 3, p. 238. 67. The quadratics here are n^ +, 6» 
= 40; 13n2 + 47n = 396, and 7*2 + 671 = 567. The negative 
values of n are satisfied by extending the series to the left of 
the first term; thus in the first, 7+9 + 11 + 13= 40; also 
-13-ll-9-7-5-3-l + l + 3 + 5 = 40ikc. 70. Seeform. 
(3) end of Art. 215. 71. See Art. 208. 72. See (9) Art. 
208. 73. Here by (11) Art. 208, or from the quadratic 3»2 
-11171= -1026, t.e. n^ — 37n= -342, n has two positive 
values, see Ex. 3, p. 238. 74. The quadratic here is n^ +lln 
= 962. 76. See Ex. 70 above. 79. The quadratic is w^- 
20/1= -91. 81. See Ex. 4. p. 240. 82. Here 5th term is 
a + 4c^=13, the 9th a + 8c2 = 25; .-. d = S .-. a = l, and 7th 
term is 19. 83. Here c? = '0004; 2s = 5-496; then 2748=:: 

^(•068 +-^^1 X -0004) ; hence -0004712 + -067671 = 5-496 ; 

divide by -0004; and n^ + 1697i = 13740. 

84. By hypothesis, and dividing the first by the second 

2 Jxy h , 4a??/ h^ , , 4:xy - ¥• 

term ^'^^-^ = - and ~. ^ = ^; hence 1 - ^ = 1 - „ 

x + y a (a3 + ?/) ^ \^ + y) ^ 

Qj^ __ 2x1/ + "2/ fit O X u 1 

and clearing effractions, —. — rr-^ — ^ = s— ; . '. = - x 

° x^ + 2xy + y^ a^ x + y a 

X 

V(a2 - 6^), Multiplying both terms by - + 1 and by a we have 

V 

a- -a= ^(a2-62^-+ ;y(a2 _ 52^^ transposing, a - J{a^-h^) 
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- =a+ J(a^ - 52) Hence - = ^7-5 — rd ; . *. &c. 85. Since 

- = 1, and 1 = 1, .•. a — h = h-c\ hence Art. 202, a, h. e 

a o-c » 7 > 

are in A.P. Afi:ain if , = 7, then ab-l^ = ah — ac.\ b^s=ae, 

° o — c 

fi—h n. 

and a, 6, c, are in G. P. Lastly, if ^ — = ~, a/i - he - ah - ac 
or h{a + c) = 2ac and h = , that is 6 is the H. M. and a, 6, 

fit + c 

c are in H. P. Otherwise, from the supposition a \c\\a-h\ 

111 
6 - c; .*. &c. 86. Since a, 5, c are in H. P., -, -=-, - are in 

a c 

A T> 1. a^-h^-c a-\-h-\-c a + 6 + c 1 . * ,> 

A. F. : hence , ^ — , are also m A. P. 

a h c 

, . a + 6 + c - a + 5 + c - aJrh->f^c - -at. 

and also 1, 7 1, 1, are m A P., 

^^_..h + ca + ca + b . ax> j « ^ 

that IS , —7—, are m A. P. : and .*. 5 — ^ 

a ' b ' c fc + c'a + ft 

are in H. P. 



a + b 



87. Multiply the A. M. by the H. M. then ^ x ~ = 

ah = \fah x N/a6. Hence, Art. 178, — ^r— • iJoS> : : 'Jab : -, 

2 a + 6 

Again, since (a - b)^ is always positive; and a^ - 2a6 + 6^0, 

ad 1 4a6, then a^ + 2a6 + b^iah^ .*. a + 6>2 n/oS, and — ^ > 

n/./6 ; that is the A. M.> G. M. Next, since a + b>2 fs/ah, 
{a + b) Jab>2 Jab • Jah'P'2ah] divide by ia + 6); then sjab> 

or 

— 7; that is G. M.>H. M., much more then is A. M.>H. M. 

a + b ' 

^Q, Here —^r- = 3 and -^^ = - ; hence a + b = ^ and -5- = « ; 
2 a+6 3 o 3 

8 8 

and a6 = 8 .-. 6 = - : and .-. a + - = 6 or a^ _ g^ = _ 8 .*. a = 4 

a a 

or 2. 89. By hypothesis -^= 2 ,^05- .-. - .- " = 2 j hence 

2 iS ^ao 
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a + 5 + 2 ijah 
(Art. 183) and Exs. 3 and 11, pp. 139, 141, ,_ /-^ = 

2±!_?. bv evolution V?H:_i^^^ . J^^jJ^±^. 

. ^,. .a 4 + 2^3 2+ ^3 . oa a • i x 

squanng this we get ^ = a__^io = 93/0^ <*c« ^"* Asmlast 

Ex. ^ = m 1^, /. jij-(a2 + 2a5 + 62) = ^.hen<» ( Art. 1830 

a^ - 2a6 + 52 " «i - 1 a - 6" v^l^* - 1)' "*' 6^ 

^m+ n/(^-1) ^^ 9x. Here \, J, i, are in A. P., .-. rf= i; 

hence the terms before \ are ^ + ^ = f and |^ + ^ = f ; those 
after ^ are 0, - ^; hence the H. terms are f , f , J, - 6 ; also the 
A. P. is Y, V» f» •'• ^ = T» ^'^^^ *^® *^^ terms at the beginning, 
are M, *^, at the end-^,- V* Hence the H. terms are 

^«Tand^;-|,-3^. 92. Here r = - g ; and « = ^ . -^^i^^ 



■"2 7 1 "F"J "14 5" 

_1.5.. 5'*-(-2-) _1. 5--(--2") 

"fi ^ P "14 5^"=^^ 



T 



Again, r= — ^ and 



iC2 






8 an 



» a?2y 



ft* n 

^ aja + o -^ 



8 

a^ 



1 f a!'+a ) 

8n— 8 Is f 



93. There are here n + 2 terms; then (Art 208) 31 = 

30 
1 + (n + 2- l)c?= 1 +(n+ l)rf, .*. c?= =-; hence the 8th term 

or 7th mean is 1 + 7 ^ = =— : also the (n- l)th term 

n+ 1 n + 1 ^ '^ 

. - 30(w-^ 31W-29 . . ^. ^. 211+n 

^^^ n+V ° n + l "^ ^'^^^ ^y *^® question -^^tv* 

G * 
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^i^^::5:9,ar211 + n:31n-29::5:9,and2044 = U6n, 
n+1 

A. TT ,1 V2-1 J2 + 1 

Ac. 94. Here r = ^^ ^_ J2 "^ "J2 ""''''* " "1 /2-1 '^ 

/, V2-l\ ^2 + 1. 1 2+ V2 .^o /« A • 

r = rt',.-.« = a'.^^^ 95. Here (Art. 212)6= —^;.-. a2 + 
c2-252 = a2 + c2_2(J^J ; bat a« + c8= (a-c)« + 2ac; .-. 
a« + c2 - 262 = (a-c)2 + 2ac- ?^^^^ = (a - c)* + 2a<?- 

^^ = (« - c)« + 2ac (l - ^) = (a - .)« + 2«c X 

(a + c)2 ^ ' \ (a + c)2/ ^ ^ 

/a2 + 2a<? + c2-4ac\ , .« ^ (a-c)2 . 

I 7 ,-- ]=(a"Cf + 2acf ^. Now, this is a 

positive quantity, and .\a^ + c^- 26^ is also positive; so that 

a^ + c^26^. 96. Let the terms be ^, 05, y, then 2, -, -, form 

an A. P.; then :? + ^ + y = lA-..(^)^ *^s^ ^^^ *^® '^* P- 2, 
^ -, wehave(Art.203)-=2 + -;.-.i=l+i...(2). From 

(2).y=2(i^)-(3); f^-n W'*^ ■^i(r:5)=B-W' <*) 

1 7 
cleared gives 12a:? - 25a; = - 7, whence « = « <>r ^ ; from (3) 

17 11 

y = T or - ». ; then from the A. P., 2, -, -, we have the H. P. 
^46 X y 

o> Q> T» <^c- ^7. Let a be the 1st term, and d the difference; 

iS O 4 

then the(jO + g)th term=a + (j» + g-l)6? = m...(l), and the 
(P - ?H^ *^rm = a + (p - g- - l)c? = w. . .(2); hence J(wi + w)=a + 
(jo - l)fl? =pth term. Again from (1) and (2) w - w = iqd', .% 

1 7^ 

d-irn-n), ^;.\pds=:{m- w)^ now (1) is the same as a + 

pd + {q-l)d', .*. a + {q - l)c? = m -|)J= w-(m-n)^ ; but 

Zq 

P 
a+(g-l)c? is the 3th term; hence m — (m - n) .^ = g'th 

^ term ; and as above ^{m + n) =/7th term. 
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98. Here the {p + q)th term = ow*"^'"* = m, (1) 

{p - q)th term = arP~«*^ = n, (2). 

Hence mn := a^i^~^ ; ,\ Jmn = a/r^'^ = pth term. Again, 
^ = ^.., ^= (j)^.-.r'=(^)^.-. i= f-**-)^. Hence,from 

(1) - = — — — =ar9 ^ ; but this is the qth term; .*. qth. term 

wi /fi \ — 
= ar*"^ = -:z = m(—]^, and as above the »th term = a/r"^'^ = 
T^ \m/ 

Jmn, 99. Let A = lst term, R = com. ratio; then a = 
ARp-^6 = AR^^S c = AR'^^-^ = R"*^; .-. R = (^)^« ... (1). 

Again _ = R» - = (^^-^pJ'-S .-. gF^ = ^,; t^^n clearing 

ft*"*" = a'"*" c*"^'; and multiplying both sides by ft*"'^, 1 = a'"*" x 
6*"'* X <?""«. Again, if a, 6, c were the j^th, qth, and rth terms 
of an A. P., we should have the following equations to de- 
termine the unknowns, which are the first term and com. diff.; 
a = A + (p-l)D;fe = A + (g-l)D;c = A + (r-l)D;hence 

a-h = {p-q) D; h — c = {q-r) D, and.', t — = - — -l there- 
fore {q — r)a-{q-r)b = {p-q)b''{p-q)c'y combining the 
terms containing b, cancelling bq, and transposing, we have 
(q ^ r) a + {r - p) b + (p - q) c s=0. But if a, S, c be the terms 

of an H.P., then -, t, - are the terms of an A. P. : substi- 

a' b c 

tuting these in the foregoing we have (5'-r)- + (r-/>)f + 

{p - qy- i= 0; which cleared becomes {q-r)be + {r-p) cu! + 
c 

(p-q) ab = 0; which expresses the relation inquired. 100. 
Here, a being in succession 1, 2, 3...p, and d being 1, 3^ 5... 

2p-l,Art.60and206(5),wehaveiri = ^{2 + (n-l)a}...(l) 
»2 = |{* + (»-l)»}-(2),«,=|{6 + («-l)5}-(3). &c. Ac 

»»=|{^ + (»-lX2?>-l)}"-(4)»-"-«i + »2 + «8—+*r=^{(2 + 
4 + 6 + ... + 2p) + (n - 1)[1 + 3 + 6 + ... + (22> - 1)]} = 



or 
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|{(2 + 2p)^+(n-l)[(l + 2p-l)|]} ^{p+l + np 

-py^ = {np+l)-^. Or thus; when developed (1) is the 

w* ** /ft\ • XI. ^* ^ /o\ • XT- 

same as -^ + ^, (2) IS the same as -^ + a, (o) is the same as 

5^** ^ /^v • XI- (2»-lW w _,, 

-5-+ ^, (4) IS the same as a + s* ^*^® ^°^ •'• ** 

above to p tenns will be ^^(o + o + o + *»« o~ )+P*o 
?'{1+3 + 5 + ... + (2;)-1)}+f| or (Art. 206) (5), j{2 + 
(p - 1)2} I + y, or, reduced ^(np + 1) 



XXII. PROBLEMS ON PROGRESSION AND 

VARIATION, p. 250. 

1. 'HeTex + xy=2S,a^ + xy^ = t/^{x + xy) = 252; .-. y2 = 9 

and y= ±S,,\x = 7,&c, 2. Let xy^, ocy, x, be the shares ; then 

a:y2 = a? + 90... (1); and since 3:^24.35^ + 33 =,210, 2a;+90 + «y = 

90 
210,.-. 2a? + a^=120...(2);andfrom(l),a? = -Y3^,from(2),a?= 

— o > ••• o = -9 — T> •*• %' - 3y = 10 ; whence y = 2 and .*. 

ap = 30 j .'. &c. Or thus, xy^ + ocy + x = 2lO; but rcy* - a? = 90 ; 

.•. (y2- l)aj=:90, and a; = -2 — ^j "'''^hence substituting, « f 

90{/ 90 
+ -^, +-2— j=210; and 4y2 ^ 3y = 10. Or thus, let a? = 

share of last, .\ a; + 90 = share of first, .*. share of second is a 

mean proportional between them, or 210— (90 + 2x) = 120 — 

2x, is a mean, that is a: : 120 - 2a5 : : 120 - 2a: : a: + 90; .*. a;^ - 

190a? = - 4800, and a:=30, or - 160 ; &c 3. Here x + xy + 

xy^ = l4:, and 2 + 2y==y + y^, .-. y^-y = 2; ,-. y = 2 and .•. 

x'ifi 4 
a? = 2; &c. 4. a? + a^ + ajy^ + a^ = 30...(l), and — 2=0 

...(2);from(2)Y^ = |, •'• y=^> .'. from (1) 15aj = 30, and 
a;=2,^. 5. a? + (aj + y) + (a; + 2y) = 21...(l),and2» + y:2aj + 
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3y ::3:4...(2)&c. From (1), 3a; + 3y = 21 ora: + 2/ = 7; from 
(2), 8aj + 4y = 6a: + 9yj or2a?«5^ .•. y = |a;; anda; + |a;=7, .•. 

a? ==5, Ac. 6. a5 + ajy = 9, .•.aj= = .•. = + :i-^=15.'. 

1+y 1+y 1+y 

9y2 - 15y = 6 ; .'. y = 2 and .-. a? = 3, &c. 7. In 12* the strokes 
= the sum of the series 1 + 2 + 3 <fec. to 12 terms = 78; .*. in 
24\ 78 X 2 = 156 ; and in 30 days the 156 x 30 = 4680 strokes. 
8. Here the numbers are x, xy, a?^, then as^^ = 64. . .(1 ), as^ + 

64 4096 

a:8y8+a;8^=^584...(2); from(l),y* = — 3,.*.^=— g- ; substitut- 
ing this value and (1) in (2), and clearing we find nfi - 520 x 
a^= -4096. Whence a; = 2; .*. y = 2. 9. Let the sides be 
6-a;,6,6+a?.-.(Euc. I. 47), 36-12aj+a^ + 36 = 36 + 12a; + a52; 
. •. 24aj = 36, . •. a; = |. But if we call one side 6 and the others 
e +x,6 + 2x, then 36 + 24a + 4a^ = S6 + S6 + 12a: + a^, or 
a^ + 4a?= 12 .*. a;= 2, or - 6. The sides .*. are 6, 8, 10; the 
negative result being here inadmissible. The ambiguity 
arises from the data of the problem not being sufficiently 
limited; the algebraic language is more precise than that 

of the problem. 10. Let the extremes be x and y .•. ^xy 

will be the mean, then x + ^xy + y = 21 . . .(1) ; and a^ ^ xy + 

y2=189...(2);divide(2)by(l),a;-^a^+y=9...(3);from(3) 

and (1), 0? + y = 15... (4) ; subtract, Jxy^Q, .*. icy = 36...(5). 
Hence {x + y)2-4a^ = 225- 144 = 81, .\ a?-y = 9; .•. from 

<ij 

(4), 05 = 12 ; from (6), y = 3, . •. ^xy = 6. Otherwise, let -, ar, 

if 

X x^ 

and xy be the quantities, then - + a? + «y = 21 . . .(1); -g + a^ + 

a:V = 189...(2);from(l),a^ + 5=21-a:; .-. ^ + 2a~2 + aj22^ = 

2 ^ y 

441 - 42a? + a:2^ .-. ~ +a2 + aj2y2 = 212-42a?;.-.from (2),189 = 

212 _ 42a;, .-. 9 = 21 - 2ar, r,2x = 12, and a? = 6 ; substitute this 

value in (1), then after reduction the quadratic, 2^2 _ _ 5^ _ 2, 

will give y = 2, .•. &c. 

11. Let d= 2y; then the numbers will be x+Sy, a? + y, 

a;-y, a; - 3y ; .*. their sum = 4a; = 32, ,*. a: = 8 ; also 

sum of squares is 4^2 + 20^^ = 276, or 20y2 = 20, . • . 

47 
y = 1, &c. 12. It is required here to sum the series, « = -7p 

(2 + 46) ; this is £56, Qs, If the successive prices are 1, 3, 
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5, (kc, then « = ^J<2 + 92) = XllO, 9«. 13. Here £100 = 

24,000c?., .-. Art. 208 (9), « - 1 = ^^^^ " ^ = 7998, .;. n = 

7999 = number of acres. 

14. We have now to sum the two series, 3 + 5 + 7 + Ac, and 
4 + 6 + 8 + &c., to X terms each, and to put the sum of the 
two equal to 168, since the whole distance is travelled by the 

two. The sums are « (^ + 2aj) and « (^ + 2*)- ^^® ^^^ 

of these is x(5 + 2x) = 168, a quadratic giving a; = 8. Again, 
if a; be the number of days, then the first goes in all 20a; 

X 31/ *4' X 

miles; and the second, ^(1 + x) ndles, .*. — ^ — + 20a: = 23661, 

a quadratic giving a? = 198 days. 15. Let the No. of days 
be a; +5, and x; the second travels 12a; miles; the firat 
travels a distance expressed by the sum of the series, 1 + 2 + 

35 4- 5 

3 + &c., to 35+ 5 terms; this is=— s^- (^ + ^)- Then by the 

55+5 

question, 12a5 = —^ (aJ"*-6), .*. as = 3 or 10; and the dis- 
tances are 36 and 120. 16. Let 05 =^ No. of hours, then 
since A had gone 1 1 miles before B started, A's whole dis- 

OS 

tance is 4a; + 11 ; also, B's distance is ^ (9 + x - I • i) ; • % 

4j? + 11 = J. (8f + ^x\ and 35 = 8 or - 11, <fec. 17. Let a, h, c, 

be the quantities, then a + 6 + c = 13...(l), and o<?= 18...(2); 
and Art 212 (1), 2ac = {a + c)h, that is, 36 = (13 -6)6 = 
136-62, .-. 62-136= -36, .-. 6 = 4 or 9; take 4, then from 
(1), a + c = 9, and, combining this with (2), we get a = 6, c = 3. 

18. Here —^= J^ + 5,,.{1\ and ^—^= ,y^-4...(2). 
Multiply (1) by (2), then a6 = a6+ Jab -20, .-. ^ = 20, 
and a6 = 400...(3). From (1) take (2), then g/^^- 

2^~l^ = 9, dealing, (a+6)2 - 4a6 = 18(a +6), .-. (a=6)2 - 18 + 

(a + 6) = 4a6 = 1600, by (3), .-. (a + 6)2 - 18(a + 6) = 1600; com- 
plete the square and evolve, a + 6 = 50... (4); .•. a2 + 2ab + 62 = 
2500; subtract 4 times (3), 4a6 = 1600, .-. a- 6 = 30... (5) 
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Combine (4) and (5), .•. <bc. 19. Let a, , c, be thenum- 

bers: then by the question 2a+'c= ...(I), and a^+c^ = 

• a + c ^ ^ 

180. ..(2); clearing (1), 2a2+c2-3ac = 0...{3). Assume c = 
6a, .-. a?+62a2=180, and a^ = Y^2i ^^^ (3)> 2a2 + 62a2 _ 
3?a^ = 0, .-. 2+62-36 = 0, or 62-36= -2; hence, 6 = 2, 

orl,.-. a2 = ^i^ = ^c=36, .-.i^^^e. From (2),c2 = U4,.-. 

c = 12; .•. — — =8, .-. Ac. 20. Herea:y^-a::ary2— ajy::375l2, 

or yS-l :y(y-l) :: 37 : 12, or y^ + y+l :y::S7 : 12, .-. 
I2y^-25y= -12, .-. y = |. But x + xy + xv^ + xt^ = 700, .-. 
175aj= 18900 and a? =108, or 256. 21. Here «= V° [200 + 
(20 -1)100] = £21,000, and next, « =2^0 [400 + 19 x 200] = 
£42,000, /. he is worth, in 40 years, £1,000 + £21,000 + 
£42,000 = £64,000. 22. Let x = the No. of waggons attached, 
then 24 - c Jx = the speed of the train, c being a constant, 
to be determined; .*. by the question 20 = 24 -c^oj; when 
a; = 4, 20 = 24 -2c; .•. c = 2; hence 24-2^^0? = the speed 
of train with x waggons. If the speed is reduced to 0, 24 - 
2 Jx = 0, .'. »Jx =12, and a?= 144; with one less it will move, 
.*. <kc. 23. Let the digits be x-y, Xy x + y, then 100(a: - y) 
+ lOo; + 0? + a/ expresses the number, therefore, by the ques- 

111a;— 99i/ 
tion « — • = 26. Also, by the question lllas- 99y + 

198 = 1 00(a; + y) + 1 Oa: + a? - y. These equations give « = 3, 
y=l, .'. &c. 

24. Let a: = No. of sides, then Euc L, 32, cor 1, 120* + 
125° + 130' + <fec. = 2a: X 90» - 4 X 90**; and since there are as 
many angles as sides, the number of terms in the series is x ; 

hence, 2a?x 90'»-4 x 90' = 180a?-360 = |[2a + (« - l)^^ = 

^(240 + 6x'-S) = ?(235 + 5a;); ,\5a? + 235a; - 360a: = - 720, or 

a;2_25a?= - 144; .•. &c. ; the answer 16 applies when some 

of the angles are greater than 180°. 25. Here there is 

required the sum of the infinite series, whose first term is 20 

19 a 

and ratio ^\ ,\ 8= ^ — j-^ gives 400. 26. Here 8, the sum 
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37 

of tbe A.P., is the same in both cases, namely, -^ = 18^ 
leagues; then, since 9== ^ [^^ + (n - 1)(^, transposing and 

dividing by n, we have a = — J(n - l)c?, and in the firet case 

184 3 7 

n = 6, <f = f , .*. a = -^ "" Z . ^ ~ fA» *^® ^™* day's march, &a 

In the second case n = 4, c? = 2; then a = -j^ - (4 - 1) x 1 = 

1|, the first day's march, ii^ 27. Hei'e is required the 
sum of the G. P., whose first term is J and ratio 3; now 
the 20th power of 3 being 3486784401; taking 1 from 
this and dividing by 2( = 3-l), we have the answer in 
fitrthings. 28. The space passed over will be twice the 
sum of the A. P., whose first term is 20 yds. = 60 ft., 
com. diff. 2 ft., and number of terms 200. Hence, 
« = 100(120 + 199x2) = 51800 ft., .-. the whole distance 
passed over = 103600 ft. =&c. 29. Let R and r be the 
radii, W and w the weights of such solid spheres, then 
W:to::R3 :r8; .-. Art. 183., W-w : W ::R3-r8 : R«, 
.-. 1 : 1 : : RS-r^ ; R8, .-.7:8 : iRS-r^ : R^; hence Art 183. 
1 : 8 : : r* : R*, .*. 1 : 2 : ; r : R, which is the required ratio of 
the radii. 30. The value of a diamond weighing n carats 



8 



ccn^=pn^; the value of a ruby weighing n carats acn? 

= qn'^ where p and q are constants to be determined; 
then a diamond of a carats is worth pa^, a ruby of b 

Q 

carats is worth qh^; hence, according to the supposition 

8 3 

pa^ = mqb'^,,.{l), and pa^-\'qb^ = c,,,(2), in which p and 
q are to. be found. Put in (2) the value of pa^ from 

8 8 ^ 

(1) ; then mqb^ + qb^ = c.\ q = ^. Also from (1) and 

(m+l)6^ 

by multiplying (2) by wi, mpa^ + pa^ = mc, ,\ p= -, ^^T, .•. 

value of diamond =im?=. tt-«; of ruby = o»* = 

^ ^ (f»+l)a2' •' ^ 

(m+ 1)6'. 
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XXIII. SERIES, p. 274. 

1. Here formula (1) Art. 222, n being 5, odd, gives - 1 + 
15 - 90 + 270 - 405 + 243 = 32. The same may be found as 
in Ex. p. 256. 2. Here 7i = 3, .*. from same formula, - 1 + 
15-46 + 36 = 4; or thus 
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4 
3. The series plainly is 3.18 + 5.28 + 7.38+9.43, &a, 
or 3, 40, 189, 576, 1375, 2808, 5145, &c. The first terms 
of the orders of differences are 37, 112, 126, and 48 = 4th 
term required; or to find 48 apply the formula as above, 
w = 4 even; 3-160+1134-2304+1375 = 48. We may 
illustrate the remarks in Art. 224 by means of this series. 
The two series constructed, as has been stated, will be 
3 40 189 576 1375 2808 5145 8704, &c., 
3 37 149 387 799 1433 2337 3559, &c. 
When 3 = 3, 40 = 3 + 37, 189 = 3 + 37 + 149, 576 = 3 + 37 + 
149 + 387, 1375 = 3 + 37 + 149 + 387 + 799, <fec. ; and the 9th 
term 8704 = the sum of the first eight terms, and in general 
the (w+ l)th term of the first series = the sum of n terms 
of the second, as is manifest from the relations of the numbers 
by the assumption. The differences to be substituted in (3) 
p. 258 for finding the sum of n terms are 3, 34, 78, and 48; 
those for use in (2) p. 257 are 37, 112, 126, and 48. To find 

8 7 8 7 fi 

the sum of 8 terms we have by (3) s = S.a + -T-n'd^ + 1-9-0*^2 + 

8.7.6.5, Q ^ S.7 rt . 8.7.6^0 8.7.6.5 .Q «^ 

Lis:*''*' °'«-^+T:2-3*+r2.3^^:^o:3:i-*^=«^"' "^ ^ 

terms = 8704. And by (2) to find the 9th term take 8th as 

above, 3+7.37+?^ai2 + J4f-126 + J:JJ-^48 = 8704 = th 

1.2 i.±6 I.2.«5.4 

9th term. 4. Apply here form. (2) p. 257, n = 20, a = 3, 

and dj, d^y <&c., as in last Ex., there being only 4 terms as 

^5 = .-. 20th term =3 + 703 + 19, 152 + 122, 094 + 186, 

048 = 328000. Also form. (3) Art. 224, « = 60 + 7030 + 

127680 + 610470 + 744192 = 1489432. 5. Here a = 2, c^^ = 4, 

cfg = 2, <3?3 = ; and the series will be found by (II) Art 223 ; 

thus = 2, 6 = 6, c = 2 + 8 + 2 = 12, (^ = 2 + 12 + 6 = 20,6 = 2 + 
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16 + 12 + = 30,/=2 + 20 + 20 + = 42,5r = 2 + 24 + 30 + = 
56, A = 2 + 28 + 42 + x= 72, <kc. See coeffi*. of binomial p. 
92. Also by (2) p. 257 we have to put w = 6, for 6th term 2 + 

K P\ A. 

:j>'4 + ~'2 = 42. the terms coatainiDg dp &c., vauiahiog. 

Also the 20th term is 2 + ^-4 + -^= 2 + 76+342 = 420. 

6. Take here, n = 1, 2, 3, 4, &c., successively, and we have 
1.32 + 2.52 + 3.72 + 4.9«+5.112+ &c. 

or 9+ 50 + 147 + 324 + 605 +1014,1575,2701,3610 

c^i= 41 97 177 281 409 561 1028 

^2 56 80 104 128 

d^ 24 24 24 

.-. ^1 = 41, d^ = 56, ^8 = 24, d^ = 0; hence 100th term = 
100(200 + 1)2 = 4040100; or from (2) p. 257, lOOth term =« 

9 + ^lii + ^.56 + ^^;y^2 4 = 4040100, 

7. Here a = l, d^-l, c?2 = 2, c?3 = 3, d^ = ^y d^=^0, and 
the series is found by substitution in (II) Art 223 ; 
then from (2) p. 257, and (3) p. 258, we have the twp 
other answers. 8. Extend the series to 9 terms, 1, 3, 9, 
27, 81, 243, 729, 2187, 6561 ; then the first terms of the 
successive orders of differences will be found to be, the first 
eight powers of 2, namely, 2, 4, 8, 16, 32, 64, 128, 256; or 
we may apply formula (1) Art. 222, in which a = l, w = 8, 
6, c, df &c., the successive terras of the given series. Thie 
gets 1 - 24 + 252 - 1512 + 5670 - 13608 + 20412 - 17496 + 
6561 = 256. 9. Here in the first series di^^Uyd^^^l, d^^O .\ 

formula (2) becomes a + (w - 1)2 + ^^""^^"^^ -1 = 1 + 2n - 

w2 3n 
2+ ^---^ + 1 = in{n + 1). In the 2nd series «?^ = 4, d^ = 2, 

and the formula becomes 2 + (w - 1) . 4 + ^ '^ — = 

n(w+l), .*. the one is double the other. 10. The series 
plainly is 12.8 + 22. 11 +32. 14 + 42. 17 + 52. 20, <fec., or 8, 
44, 126, 272, 500, 828, 1274, &a, .-. d^ = 36, d^ = 4e,d^ = 
I8,d^ = 0; .-. fi-om (3) p. 258, « = 5091500. 11. Here the 
series being 1, 4, 10, 20, 35, &c., the differences are d^^ 
3, d2 = 3,d^=lyd^ = 0'^ hence the sum to n terms is «^ = n4* 
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3n{n - 1) 3n(n--l Xn-2) w(n- l)(n-2)(n-3) ^ 3n2 ^ 

1.2 "^ 1.2.3 "^ 1.2.3.4 2 

w(w«-37i + 2) n( n» - 6ng + 1 1 n - 6 ) w (yi3 + e y^2 ^ n n + 6 ) 

2 2.3.4 1.2.3.4 

nn + lw + 2w + 3 ,« tt j o^ i ^ a i 
Y — s o T—' 12- Here ai = 2, tf2= l>«8 = 0>«=l>w= 

100 .-. «ioo= 100 + 9900 + 161700= 171700. Now (3) 
,n(n-l)^ »(n-l)(n-<2)- 2n + 2n^-2n 

w(n2 - 3w + 2) _ 2 n(n^ - 3n + 2) _ 6n2 n^^3n^ + 2n _ 
1.2.3 ""* ■*" 6 " 6 "^ 6~^ " 

n5+3w2 + 27t w(7i« + 3w + 2) w(n+l)(w+2 , 

g = g = O^ ^ tnen, smce 

«(»+l)(»+2) 100.101.102 

13. Form. (3) p. 268, gives d^ = 2, d^ = 0, s = 60 + 

^^(^-"^ = 3600 ; and 8„ = n\ See Algebra, Ex. 5, p. 242, 

Ex. 12, p. 243, and Ex. 1, p. 258. 14. Assume for the sum 
of the series 1^ + 2^ + 3^ + . . . n^, « = ^w + Bv^ + (7w* ; 
then, by changing n into n+ 1, Art. 225, Ex. 1, we have 

12+2« + 32+ .... w2 + (n+l)2 = ^(n+l) + ^(7l4-l)2 + 

C(w+ 1)8; from this take 12 + 22 + 32+ . . . n^ = An^Bn^^ 
Cn^ .-. {n + lf = n^ + 2n+,l=A + 2nB + B + 3n^C+3nC + C. 
Then, equating the coefficients, we have the equations 3(7= 1, 
2^ + 36^=2, ^+^ + (7=1, which give (7 = ^, ^ = ^, A = i, 

... 8=ln + in^ + ^n^=^'^^^^^t^^^. Again, Art. 50, the 

general term of the 2nd sei-ies being (2n- 1)2. Assume I2 + 
32 + 52+ ... . (2w-l)2 = ^n + ^w2 + Cw3; then, changing 
as before, n into n + 1, and assuming a similar series, and 
taking the first from it, we have, since 2(n +l)-l = 2n+l, 
(2n + 1)2 = ^ + ^{271 + 1) + C{3n^ + 3n + 1), developing and 
equating in the usual way, we find 3(7= 4, 3(7+ 2-5 = 4, G + 
^+^ = 1. -.(7 = ^,^ = 0,^1= -^.•.« = 47i»-i7i = 4n(4w2-l). 
15. Assume 1< + 2* + 3* + . . . n^ = An + Bn^ + Cn^ '\- Dn^ + 
Un^, Then change n into n+l, and subtract as before; 
then w* + 4ii8+67i2 + 4n+l = ii +^(2714- l) + (7(3n2 + 3w+l) 
+ i>(4w8 + 6n2 + 471 + 1) + JiJ{5n^ + lOn^ + 107i2 + 5^+1); and 
equating the coefficients of the like powers,, we have the 
equations 5 jgr=l, 10^+4 P, 10 -^ + 6 Z> + 3 (7=6, 5 E + i 
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D + SC+2B = 4:,B + D + C + B + A = l, whicb give E=\, 
2> = J, (7 = ^, 5 = 0, ii = -^ . . .'. <fec. Again, assume 
16 + 26 + 35+ . . . nJ^ = An + Bn^ + Cn^+Dn^-^En^ + Fn^, 
and proceed as above; we have n^ + 5/i* + 10»' + lOn* + Qn 
+ l=il+5(2n + l)+(7(3n2+37i+l)+Z>(4n8+6n2+4w + l)+^x 
(5/1* + 10w» + 10n2 + on + 1) + ^ (Gn^ + 15n* + 20^3 + 157i2 + 
6n+l). Equating coefficients of like powers of n, we get 
6F=l; 15F+5 E = 5; 20 F+IO E + 4: D = 10 ; 15 F+ 
lOF + 6D + SC=10; 6 F + 5 E + 4: D -^ 3 C + 2 B = 5; 
F + F-^D-\'C + B + A=l. These equations give F=i; 
F = i; D = ^; 0=0; B= -^; A=0. Hence 16 + 25 + 
35+ .... n5 = ^n« + ^n5+3%w*-T^n2. The sums of 
these series will be found by the dijSerential method as 
follows : — 

1 16 81 256 625 1296 2401 

15 65 175 369 671 1105 

50 110 194 302 434 

60 84 108 132 

24 24 24 



When c^=15, d^^bO, d^ = 60, d^ = 2i, c?, = 0, and a^l 

TV. V. /^x 9p;« ^ 15^2-15/1 . 25^8 -75112 + 5011 ^ 
Then by (3) p. 258. « = n + = t — — 5 •*" 

5n* - 30^8 + 55w2 - 30ii , n^ - lOw* + 35n« - 50^2 + 24» 
2 + 5 ^"^ 

fi^ n^ vfi n 
s = -^ "^ ~n"i' w- - o(\' Otherwise, in order to reduce the 

magnitude of the successive differences, we may take, instead 
of n terms of the above series, w + 1 terms of the series 0, 1, 
16, 81, 256, 625, 1296. The differences thus are— 



15 


65 


175 


14 


50 


110 




36 


60 
24 



Whence in (3) p. 258, a = 0, c^i = 1, d^^U, d^ = 36, d^ = 24, 

d,=0, and .= _j-2-. + ^-2-3l4+ ^^^^ 36 + 

n5 - 5n* + 5n' + 5w2 -Grig.. ... , - . ^, 
1 s} o A K '24, which reduced, gives the 

same value as before. The sum of the other series would 
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be found in exactly the same way. 16. Assame, Art. 226, 
|- + ^ + f + ^+ &C., .=», omitting one factor; then, by 
transposition 

111. 1 

g + ^ + g+&a,=,-j, 

3 2 2 1 

subtract, j^ + _+_&c., =3. 

2 2 2, 1 

r5 + 5J + 7:9+ **'•' =3 

111.1 

3:5'^5J + 7^'^ *°' =6 

To find the sum to n terms^ assume 

1 1 1 1 1 

transposing, ^ + 7 + 9 "^ • • • o q = * ^ o> ^7 subtraction, 

J^ J^ J^. 2 1 1 

3.5 "*■ 5.7"^ 7.9"^ • • • (2w+l)(2n + 3)"^2n + 3"3 
2 2 2 2 1 1 2n 



3.5"5.7"^7.9 ••• "(2?i+l)(2n+3) 3 2w + 3 3(2n+3) 
,111,, 1.1 1.1 n 

*°^3:5''5J-'7:9''-'-*^''*^™«=3:2~2.(2n + 3) = 2p;rr3") 

When n is infinite this is reduced to 

111 11,- 

3:5-^5J-^7:9+ ••• =3:2 = 6'^^^^^- 

17. Omitting, as before, one factor from the denominator^ 

111. 
assume -+ + + <fec. =«. 

2 5 8 

.-. by transposing ^ and subtracting, 

3 3^ 3 . , 

•• 10"^40**'88"^ "*• 

3 3 3 3 

Divide by 3; then .^ + ^^ + ^+^^^+ &c =i. 
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18. APBume 1.32 + 3.52 + 5.72+ . . . (2n-l)(2n+ 1)2 = 
An -^ Bn* + Cji^ -i- Dn\ Change n into »+l, and subtract; 
then (2w + l)(2w + 3)« = il + B(2n + 1) + C{3n^ + 3n + I) + /> 
Cin^ + 6n2 + 4w + 1 ); developing and equating, 4Z> = 8, 6Z> + 
3(7 = 28, 4Z> + 3C + 2i5 = 30, 2> + (7 + ^ + ^ = 9. These give 
D = 2,C=^^,B = SyA= -|; hence « = 2n* + Vn^ + 3n2 - *n 
= 2»* + 3n2 + i(167iS - 4n) = w2(2n2 + 3) + in{l6n^ - 4). 

19. Assume 1.2. + 2.3 + 3.4+ . . . n(n + I) = .4n + -Sn2 + 
Cn\ Change n into w + 1, and subtract ; then (w + 1 )(» + 2) = 
i( + -5(2» + 1) + C(3/i2 + 3n+ 1); developing and equating 
coeffa.,3(7=l,3C+2^ = 3,C + ^ + i4=2,.-.0 = ^,5 = l,il=|, 
.-. « = f » + n2 + Jn^ = ^(2n + 3n2+ n^) = in(w + l)(n + 2). 
Again assume 1.2.3 + 2.3.4 + 3.4.5 + . • . + w(n + 1) 
(w + 2) = An^ + ^/i^ + (7n2 + Dn. Change n into n + 1 
and subtract, then (n + l)(n + 2)(w + 3) = n^ + 6n2 + 1 In + 
6 = A(4n^ + 6n2 + 4n + 1) + ^(3w2 + 3n + 1) + C(2»+ 1) + Z>, .-. 
4.4 = 1; 6i4+35 = 6; 4^4 + 3^ + 2(7=11; ^ + 5+ C+2> = 6. 
Hence-4=;i; ^ = f; ^=Vi *^<i ^ = fi .'. ^ = in* + fn? + 

11 2 s n/ 3 ij « n c\ n(n + l)(w + 2)(7l + 3) 
Y^ + f w = :f (w + 6w2 + 1 In + 6) =— i ^^-j — ^ ^, 

^- ^* 2^ -^ 6^ -^ an ^ 11X4 + *" = * - (i> ••• 

O ^ 81T ^ ILU ^ *"'•='- 23 - <2)- From (1) 

take (2) ; then _ _ _g = .^^j — _ g_ = ^^^^ 

,11 6 . 6 6 6 

*°*^ 8X1 -ITU' = 81X14' ^^""^ 2-A8+5:8lT"*"airT4* 

**• =2ii'''* 2A8 ■*■ 5ZTi "^ gnm "^ '*'''• =2:5:6 • • • ^^) 

+ ^ =9S-« = 9fl ••• (4) But 



•• 2.5.8 5.8.11 "^8.11.14" — 2.5.6 2.6 

^*- 1^-' 2.5 "■ 6:8 ■" 81T ■" *"• = 2.3 **"* " "' 2X1 "^ MTI * 

14. 1 3 

Orn"^ ^^' "O"^^^' "^^^ (5) take (4); theng;^^ 

5.m^8:ri.T4^ *^- ^i^-^re^^^' Take l of this; then 

2_ 4 6 122 _^JL^ 

2.5.8 ■*" 5.8.11"^ 8.11.14 ■*" *^' ^ 2:6 "" 3 "2:3:6 "3.6 'W- 
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From (6) take (3); then ^^^+^-3^ + 33^-^+ &c. ^ 

I 1 7 

3.6 2.5.6"' 2.3.5.6" 

21. Assume iere , ^ ^ + 



1.3.5 3.5.7*" (27i-lX2n + l)(2w + 3) 
= «, the terms in n being those 



(2w+l)(2n + 3)(2w + 6) 
from which the successive denominators will be had on 

taking w = 1; then transposing^ x ^ ^ + ^-7-5 + <feC' + 

feg - „ . Hence by subtraction 



(2w + l)(2n + 3)(2w + 6) 1.3.5 

6 6 



1.3.5.7 3.5.7.9 (2» - l)(2w+ l)(2n + 3)(2n + 5) 

To ttTo QT775 Tv = r^-^; transposing the last term on 

(2n+l)(2» + 3X2w + 5) 1.3.5^ ^ ° 

the right side, and incorporating it with 4-o-£> ^^^ dividing 

^y^'^^^^ii7^3-OT^5jin ^^- *" ^ *^""^ = 

w(4w2+18n + 23) «^ . , , 

o T Q ft/o T-TTo owi> Fv- -Now, as w increases towards 

3.1.3.5(2n + l)(2n + 3X2w + 5) ' 

9( ^71 1 

intinity this tends to become ot-oc o^^=i — cr~ or q 1 o g o or 
•^ 3.1.3.5.27i.2n.2n 3.1.3.5.2 

. .J e v>. Therefore the sum to infinity is ^ = g^. In this 

Ex. the factors of the denominators are in A. P., and in such 
cases a series may be assumed having three factors in the 
denominators. 

22. Take here x-r + ^-r- + j-r+ Ac. =«...(1) 

Ji,o 0.4 4.0 
1 1 1 i. 1 /ox 

subtn^ct (2) fipom (l)^ + _2_ + ^ &a =±, 

. 2 2 2 J^ 

^' 2.3.4 "^ 3A6 "^ £5:6 *"• ° 2.3' 
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2X4 "^ 3.4.5 "^ 4.5.6 "^ *^' " 3.4 "" 12" 

23. Assume -jr-; + ^A + c^ + <ko. =«, 

Z.4 4.0 b.o 

1 1 1 . _ 1 

4:6"*'6:8"^oo"^ ^ "*"2r4' 

subtract, ^ + ^Jg+j^+&c. =^^, 

4 4 4 . ^ _ 1 

'''' 2:4:6 ■*• 476:8 "*" 6.8.10 + ^- - 274' 

1 1 1 . _J__i. 

2A:6'^iM'^eMb'^ ^' ~4.8~32' 

24. Assume 2;^ + jlg + g^^ &c. =*, 

**^^°' 4:6:8-'6Al0 + 8TTaT2''*"- =*"2Xg' 

v.* * 6 6 6.1 

subtract, .-. - ^ . /> » + r-coTA + g o ia io + <fec. = 



2.4.6.8 4.6.8.10 *^ 6.8.10.12 "^ 2.4.6 ""48 

1 1 1 . 1 1 

2X0"*" 4.6.8.10 "^6.8.10.12"*' "2.4.6.6" 288* 

25. Applying here the method of Art. 226, Ex. 2, p. 264, 
assume 

5 6 7 8. ._, 

t:2''2:3-'3:4-*-4:5-*'^--- =* - <~^> 

, . .6789. 5 

.-.bjr transposing,^ + g^ + j^ + g^ + &c. . . =.-j^; 

'^^(2^-^o)-^(o''3i)^(o+o)-- ='-o> 

5 6 7 8 6 

transpose, _ + _+_ + _ =,._. 

\2.3"*'3i"^4:5 • • • y ••• ^^^ 

Now the assumed series, (1), is the same as 
15 24 35 48 



1.2.3 "^2.3.4**" 3.4.5"*^ 4.5.6 



• •• "^O ... IX I 
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subtract (2), j^+ ^^ + j^ + g^ ... =.--3- 

\2.3^3.4 4.5 ' ' ' J 
10 12 14 16 5 



1.2.3 2.3.4 3.4.5 "4.6.6 ' ' • ' 1.2 

\2.3^3.4^4.5 ' ' ' J 
Now the snm of the infinite series within the vinculum is 

easily found by these methods to be ^ ; therefore dividing by 

2 we have for the sum of the given series 

5 6 7 8 ,3 

1.2.3 "^ 2.3.4 "*■ 3.4.5 "*■ 4.5.6"** 2* 

26, Assume ji-^4-3|^ + gA_ + ...=,... (1) 

transpose, ^^+_^ + ^^^^+ . . . =8-^j-^; 

^^' voj'^orj "^ \5:7:9'^5j:9y **■ V7xn"^7X]i/ 

1 

• • • "''■"1:3:5 

12 3 1 

transpose, _-_ + __ +-^-^4. . . . =«- 



3.5.7 5.7.9 "7.9.11"^ * " ' "" 13.5 

W"" 5X9^7X11 J ' ^^^ 

Now the assumed series (1) is the same as 

7 18 33 52 _ ,,,, 

1.3.5.7 3.5.7.9 "^5.7.9.11 '*'7XTU3 "**••• "^'"^^ ^ 

subtractj^ + g|^ + ^^^+^^+ ... 

_1 fj_ 1 _1_ \ 

"* 1.3.5 \3.5.7'^5j:9"*"7.9.ir*7 
12 18 24 



+ 7i-^ W-K- + 



1.3.5.7 " 3.5.7.9 ^ 5.7.9.11 ^ 7.9.11.13 

1 1 __1_ 1 2 

" 1.3.5 "^ 3.5.7 "^ 5.7.9 "*" 7.9.11 * ' * * 12 

1 2 3 4 I 

1.3.5.7 "^ 3.5.7.9 "*■ 5.7.9.11 "*" 7.9.11.13 "^ 72 

H 
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That the sum of the series forming the right member is j^ 
is easily shewn, 

Assume j^-f3l-|.gl+yL^+.... =. ... (1) 

1111 _ 1 /o\ 

r5'^5?7'^7:9'^9Ti"*" •••• -^"rg-"^ ^ 

butseries(l)equalsjJ^+3^ + g|^+^^4..... =. 
and series (2) „ .^.1^ + ^ + ^^ + ^-^^ + 

subtmct... -|-^+^ + _L-,^^+.... =J_ 

JL J_ ^_ 1 _j_ 

1.3.5 ■*" 3.5.7 "*■ 5.7.9"^ 7.9.11 "*■•• ' "12 
The following general formula, similar to that of Art. 227, 
is applicable to such series : — 

Since ^ ^ = 

n{n + p){n + 2p) {n + p){n -h 2p)(n + 3p) 

3;>g . q ^ 

n{n + p){n + 2p){n +'dp)' ' n{n + p){n + 2p)(n + 3p) 

!/___? 2 i 

3p \ n(n +p){n-\- 2p) {n + p){n + 2p) (n + 3p) [' 

In this Ex., 2 being the common difference of the terms 
of the denominator, p = 2; q is successively 1, 2, 3 ...and 
the terms are formed by taking 7i = 1, 3, 5,. . .<fec.; then placing 
the positive terms given by the first fraction above, and the 
negative ones given by the second fraction below, the series 
takes the following form : — 

r 1 2 3 ^ 

ij r.3.5 ■*" 3.5.7 ■^5^79"*' '^^• 
^-=6 1 1 2 , 

I "3.5.7 "57:9 *^^ 



1 r 1 l_ 1 . _ 1 I 

"6\ 0:5^3.5.7 ■^5^79'*' '^•" 12/ 



Then « = =^ as before. 

27. Assume f"3 + K-7+ •••=«. 
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1111 _ 1 1_ 2 

5"7'^9"il"^ '"^"^S"* 3 

... 4 4 4 4 2 

subtract, j-g__ +^ --_+... = - 

J 1 1 1_ 1 

1.5 3.7 "^5.9 7.11"^ 6 

o« A 111111 

*-, 11111 ill 

transpose,- j. + j-g + ^-^+...=*-l+^-3 

,, . 5 7 9 11 - 1 1 5 

subtract _-_+3_-_H.... = l_-+3 = g 

Otherwise, the series may be put under the following 
forms : — 

(^D-(r5)-^G4)-(i^7)^ •= 

/1_1 1_1^ 1 \ /I 1 1^...\ 

where the first terms within the vincula are collected 
into one set, and those in the second place into another ; and 
after the fii-st three, the terms are the same but with con- 

i, *i, .1115 

tmry signs; hence the sum ^ f - 9^ + o - c' 

29. Assume- + + jr- + 5-+ ••• =« 

a a + x a + 2x a -{■ox 

1111 1 



+ A- + 7-+ *•• =« 



a + x a-\:2x a-\-3x a + 4iX a 

. X X X 1 

' a(a + x) (a + x)(a + 2x (a + 2x){a + 3jf) ' " ~ a 
111 1 

• I. _^ |_ -I- • • • rr 

a(a + x) (a + x){a + 2x) {a + 2x){a + 3x) ax 

30. Put a + 2ar + 3aT^ + iar^ + . . . + nar''''^ = 8. Multiply by 
r, a/r + 2a7^ + 3ar* + 4ar* +. . . . + (n - l)ar""^ + nar"" = rs. 
Subtract, a + ar + or^ + ar^ + . . . o?**"* - war" = « - «r; 

or Art 209 (1), ^5j^ - Tiar" = 8 (1 - r). 



,\8 = 



(l-r)2 1-r 
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"When n is infinite there is only one real value correspond- 
ing to r<l, namely, jz rg,* r = 1, r>l give infinite values. 



31. Here 5aj2 = aa; . 3a: + a'aj^ . 1 = (3a + a)7^ 
also lix^^ax , 5x^ + a'x^ . 3x = (5a + Sa')a^ 

3a + a' = 5, . (a = 2 

5a + 3a' = 7, * ' (a = - 1 ; scale, 2ir, - a^ 

or, equating the con'esponding co-efficients, we might put at 
once 3a + a' = 5, 5a + 3a' = 7. Also, A = 1, A^ = 3. Substi- 
tute these values in formula (2), p. 272; .'. &c. The sums of 
recurring series may all be verified by actual division, Arts. 
81, 83. 

32. Here 7x^ = ax. 2a; + a'a^. l = (2a + a'>B2^ and 20a^ = 
ax,7x^ + a'3(^,2x^(7a-r2a')a^;,\ 2a + a' = 7, 7a + 2a' = 20; 
.*. a = 2, a' = 3, and the scale is 2x, 3x^; also A = 1, Aj = 2 ; 
. •. &c. 33. Here 3oi^ = ax,2x + a'a^ . 1 = (2a + a')oi^, ia^ = 
ax,3oi^ + aoiy^,2x = (3a + 2a')aj3 .-. 2a + a' = 3, 3a + 2a' = 4:; 
.*. a = 2, a' = — 1 ; scale 2x, - ix^. Also A = 1, Ai = 2 ; .*. <fec. 

34. Here -2a + a' = 3, 3a-2a'=-4; .-. a= - 2, a'= - 1; 
scale, -2xy-x^'y A = \,A^= - 2; .-. &c. 35. The equations are 
2l7^ = aac,^x + a'oi?.^=={^a+ia')oi?',5\3i? = ax. 2\a?'\-a'i)^^ 
9a; = (21a + 9a')a:3. .. 9a + 4a' = 21,21a + 9a' = 51;.-.a = 5,a' = 
- 6; scale 5x, - 6a^; alsoA = 4, A, = 9 ; .-. 36. Put 6a -i- a' = 12, 
12a + 6a' = 48;.-.a = l,a' = 6,scaleaj2, + 6a;; A = l,Ai = 6,&c. 
37. Here 2a + a' = 3, 3a + 2a' = 4; .*. a = 2, a'= - 1 ; .'. scale 
is 2a;, - £c2 . ai^j A = 1, A^ = 2, &c. 

38. Here Art. 233, p. 272, note, we assume a, a\ a" for 
the scale, then 

i9x^ = ax . 25a^ + a'x^ . 9a? +oV. 1; .•.25a+ 9a'+ a" = 49 

Slx^ = ax,i9a^ + ax^.25ot^ + a''a^, 9iB; .-. 49a+ 25a + 9a''= 81 

121ic5 = aa:. 81a:* + a'a?2 . 49a;3 + a'^a^s . 25a;2. ... 81a + 49a' + 25a'' = 121 

These three equations give a = 3, a' = - 3, a" = 1; .'. the scale 
is 3a;, - 3a;2, + a;3. also A = 1, Aj = 9, Aj = 25. These values 
are to be substituted in formula (3) which then becomes 

l+9a;+25a;2-3a?-3a? . 9a; + 3a;2 l + 6x+jf 
^= l-3x + Sa^-a^ "^ (l-xf 

39. The equations in this case are^ 

9a+ 4a'+ a'' = 16 
16a + 9a' + 4a'' = 25 
25a + 16a' + 9a" = 36 
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These^give a = 3, a' = - 3, a" = 1 ; ,\ scale is 3x - ^t^ + «* ; 
and A=l, Ai = 4, Aa = 9; then substitute these in (3). 

40. Here 3a + a' = 5, 5a + 3a' = 7; .'. a = 2, a'=-l; .-. 

scale is 2. — 1— „ : also A = 1, A, = 3 : substitute these values 

X x^ » 1 ' 

in (2), then 

_ a? «__ X x+\ {x-\Y _x(x-\-\) 

^~ 2 1 ~ (^^n]2 ~~^"^ a^ " (a?- 1)2' 
a; o:^ ic^ 

If the even terms of the series are negative, the scale is, - 2, 

41. Here, note p. 273, we may find the scale by taking 
the nth order of differences ; we thus get 

1st order 7 19 37 61 91 127 

2nd „ 12 18 24 30 36 

3rd „ 6 6 6 6 

4th „ 

Here.'. w = 4; as the 4th order vanishes ; then substituting 
n in the formula in the note we find for the scale of relation 
4, — 6, 4, - 1, or 4a3, - 603^^ + 4^:8 _ ^t* . ^he denominator will 
thus consist of five terms, of which 1 is the first; and as all 
the tei-ms in this denominator, except the first, are negative, 
and two terms in the scale are negative, the denominator will 
be 1 - 4iB + 6a;2 - 4a:^ + x^ = {\-xf] the numerator will be 
determined from the numerator of form. (3), p. 272. As the 
terms involving a? vanish, it was thought unnecessary to 
give in the Algebra the extension of form. (3) applicable to 
a scale of four terms; but it may be given here. It is the 
following : — 

k. + A^x -i- Agg^ + Agg^ - aa;(A + K-^x + Ayg^) - afx^(A + A^x) - a'^ar^A 

1 — oa? — a^x^ — a"a^ - a'^x^ 
stituting in this the numbers of the Ex., we have 
1 +8a?+27a^ + 64a;g - 4g - ix.Sx - 4a;.27a?g + 6x^ + iSx^ -^x^l +4^x+x ^ 

{i-xy " (l-xy 

the other terms of the numerator cancelling. 

42. The scale is most readily found here as in the last 
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exercise by taking the differences and nsing the formula in 
the note, p. 273, for w = 3; the equations are: — 

35a + 15a' + 3a'' = 63 
63a + 35a' + 15a" = 99 
99a + 63a' + 35a" = 143j 

in either way we get a = 3, a' = - 3, a" = 1, and the scale is 
Sx — Sa^ + x^ ; also A = 3, A^ = 15, Ag = 35 ; substituting these 
values in (3) we find 

1 + 6x - x^ 

*" {l-xf ' 

43. Here, formula (2), Art. 229, ^(^ + 1)(^ + ^) = 49^0. 

44. By formula (1), Art. 228, ^^^^i+ifetD = 9435. 

45. Here, formula (3), Art. 330. "^'*"^^^^^"""*"^^ = 23405. 

.... 47. In triangular pile 1540. In the complete 
rectangular pile, the number as in Ex. 45 is 7070; in the 
incomplete pile 20-12 = 8, and 40-12 = 28. .-. Number 
of balls = ^'9.(3 28-8 + 1)^ ^3^^ ^ ^^4; then 7070 - 924 = 

6146 = the number in the incomplete pile. 

48. Here the square pile, if complete, would contain 

— ,' =4.25.49 = 4900 balls: and as there are 8 balls in 
1.2.3 ' 

the side of the top of the truncated pile, and (Art. 228) the 

number of courses is the same as the number of balk in 

one side of the lowest, 7 courses must be superimposed to 

complete the pile; hence the wanting part would contain 

^^= 7.4.5 = 140 balls; .-. 4900 - 140 = 4760, is the number 

in the incomplete pile. 

49. The number of balls in the nth. layer of a triangular 

pile is !^(!^, and in the {n - l)th layer '^^'^\ Art. 229, 
.*. the sum of these is the number in the two lowest layers; 
but ^ — '- + -^^ — - = w^ ; and n? is the number in the base 

of a square pile of n layers, . •. &c. 

50. It is manifest, Arts. 229, 228, that we have here 
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7?(n + l)(n+2) ^ n(n+l)(2n+l) 

— TO • TO -^ '^^' ^^ "^^ '*^'^; 

2n + l = 6 : 11 whence w = 16, and the numbers are 816 in 
the triangular and 1496 in the square pile. 



XXIV. LOGARITHMS AND EXPONENTIALS. 

p. 289. 

1. Here Art 241, x log. a= log. b, .*. &c. 2. hx log. a = 

2 
log. c, .'. &c. 3. X log. 20 = 3 .'. 0? = ^.Q/^^AQ > <fcc. 4. Here 

25 = -~ = ^; .-. log. 25 = 2 - 2 log. 2; .-. &c., and -0125 = 

g^^=log. l-(log. 10 + 3 log. 2) =- (log. 10 + 3 log. 2) = 

- 1 -903090 = - 2 + -096910. 5. Here x log. ^ = log. ^ = 

log. 109 -log. 2. 

a:(log. 5 - log. 4) = log. 109 - log. 2. 
or a?( -096910) = 1-736397 .'. &c. 

6. Here Tnx log. a + nx log. 6 = log. c .*. a?(m log. a + n log. 

&) = log.c;.-.a;= , ^^g' % .. 

^ ° TW log. a + n log. 6 

7. Here log. 4 = 2 log. 2 = -602060 ; log. 6 = log. 2 + log. 3 = 
•778151; log. 8 = 3 log. 2 = -903090; log. 9 = 2 log. 3 = 
•954242; log. 10 = 1 log. 21 = log. 3 + log. 7 = 1-322219; 
log. 32=5 log. 2 = 1-505150; log. 20 = log. 10 + log. 2 = 
1 -301030 ; log. 50 = log. 10 + log. 5 = 1 + log. 5 = 1 -698970 ; 
log. 40 = log. 10 + 2 log. 2 = 1-602060. 

8. Here log. H = 1 + -8685889 6^1 + 3ip + |.-^ + &c.) 

= 1 + -86858896 (-0476555 . .) 

= 1-041393. 
Similarly log. 12=1-079181; and log. 13 = 1-113943; .-. 
log. 33 = log. 11 + log. 3 = 1-518514; log. 39 = log. 13 + log. 3 ^ 
1-591064; log. 121 = 2 log. 11 = 2082786; log. 143 = log. 11 + 
log. 13=^2-155336; log. 169 = 2 log. 13 = 2-327886. 

9. Taking the log& of both side, we have 

3a; log. 2 + (2x - 1) log. 5= 5x log. 4 + (a? + 1) log. 3. 

= 10a: log. 2 + (a; + 1) log. 3. 
.-. x{2 log. 5 - 7 log. 2 - log. 3) = log. 3 + log. d. 



104 KEY TO ALGEBRA. 

. ^_ M76091 
•• ^"" - 1 -186391 " ^^^' 

The denominator -1*186391 is usuallj written, for the 
sake of uniformity in the notation (Art. 239^ note)^ 2*81 3609, 
that is, 2 + -8 13609. 

10. Here ar'*~i = 64; .*. log. a + (w-l) log. r=log. 64. 

2 
Whence, since a = 729, r = ^ 

1-232639 ^ 

^"" •176091"^- 
Also from the formula under Ex. 6, p. 289, we have 

log. {a -8(1 -r)} -log. a=rn log. r, 
that is, - 1-584820=«( - -176091), 

1-584820 ^ 

^"" -176091 ""^- 

11. Here y log. x = x log. y; Q,ud p log. x = q log. y, 

y p p P 

-=-; also - log. 05 = log. y, hence log. y - log. a? = - log. 

x; and - to a: - log. x = log. ^, .•. ^ ^6-^"^ Qg- ^ _ Pj^l 
9 9 9 9 

P Q P 

log. X = log. -, .-. log. « = — ^— log. ^, But this (Art. 
241, par. 2nd) is the same as log. (-)^-^, .'. log. 05 = 

'*©"---'-^)'" But,. %„(*).!.•■ 
= f - j^<?. Or thus without the use of logarithms: since 



'9 

-1 



P p.g 



X q X g 
~; hence evolving, x = f - j^<^, and as before y = - a? = f - ) ^-^* 

12. Here log. 5 = log. ^ = l-log. 2 = -698970; log. 16 = 

4 log. 2 = 1-204120; log. -016 = log. ^=log. 16-3 log. 10 
= log. 16-3 = 2-204120 (Art. 239 and note); log. 6-25 = 
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log. ^^ = 4 log. 5-2 log. 10 = 4 log. 5- 2 = -795880; log. 

1 OK 

3g = log. ^ = 2 log. 5 - 3 log. 2 = -494850. 

13. Here, Art. 235, if we suppose the 4tb differences to 
vanish, we shall have, form. (I), Art. 223, d^ = 0=:e-id + 
6c - 46 + a; and .-. log. 84-4 log. 83 + 6 log. 82-4 log. 81 + 

log. 80 = 0. Hence log. 83=l2i:Ji±^J5|:-«2±l2iL^_ 

log. 81, and hj substituting the given values of the logs, we 
find log. 83=1-919078175. The log. of the Tables being 
1*9190782. And hence the assumption that the 4th differ- 
ences vanish is near the truth. 

14. Supposing, as above, the 4th differences to vanish, we 
shall have the same expression as before; we may here put 
it under the form 

_ 4(6 + d^-(a+e )_ 16-1025340 -4-0255107 
''- 6 ~ 6 

.-.log. 103 = 2-0128372. 



XXV. PERMUTATIONS AND COMBINATIONS. 

p. 296. 

1. Here 7i = 12; apply form. (1), (2), (3), p. 291, and also 
in Ex. 2, 3. 

... 4. Apply form. (6) to the word Algebra when w = 7, 
p = 2; .-. P= ' ,' o — ) form. (7), (8) apply to the remain- 

ing words. 

5. Apply form. (8); the denominator is 1.2.3.1.2.3.4.5.1.2. 

6. Apply form. (9), Art. 257 ; in this case \ n = 

24.23 n(TO-l)(yi- 2) 24.23.22 n(n- l)(n- 2(7t-3) 

1.2 ' 1.2.3 " 1.2.3 ' 1.2.3.4 

7. The combinations are here complementary to those in 
Ex. 6 ; since 22 + 2 = 24, &c. See the Example, top of 
p. 294. 

8. Here 11 and 13 being complementary, making up 24, 
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the number of combinations is the same in both cases; with 
12, even, the number is greatest. See Art. 259. 

9. The series is 9, 36, 84, 126, 126, 84, 36^ 9; the greaije^t 

combinations are — ^ , or — s— , together, by Art. 259 ; *.«., 
4, or Q , and 5, or — :r— , alike give 126. 

1A TT 1 Af\ 52.51.50 40 . ,, XT 

10. Here » - r + 1 = 40 ; . •. ~ — ^-^ ip^ gives the Na 

1 . ^, o It5 

11. The same in both cases, as 10 - 3 + 7. 

12. Here n(« - 1) (« - 2) . 1 = e. ^^^-lX^-^K^-^) . ... 

1 =— J— , and n = 7, 

13. Thatis, combinations of 25 things taken 4 together, then 
c^ = "T~o~Q~l~> for w - r + 1 = 22. A^in, 25 -* 1 = 24 men 

remain ; and any one man can be joined to as many com- 
binations of 3 as can be formed out of the 24 men who re- 

24.23.22 . . , . . , . 

mam; .*. ~^r-cr^~ ^ ^'^^ number of nights. 
I.^.t5 

14. Here w = 20, and r = 6 x 3 = 18; then there are the 
two combinations '^ ; and -^^ , as in Ex. 13. 

15. Here 6.5.4.3.2.1 expresses the number of possible 
arrangements. But the question may be viewed differently; 
we may suppose one person to remain fixed and the others 
arranged, so that no one shall have the same neighbours in 
the same position ; this would give 5.4.3.2.1 = 120 ; but if the 
arrangement B, A, C, be regarded as the same as C, A, B, 
the position of neighbours, right and left, not being regarded 
as making a difference, then one-half of the arrangements 
will be similar to the other, and the number will be ^. 
120 = 60. 

16. Here, by Art. 261, the combinations will be found by 

taking the product of two expressions similar to form. (9), 

there being two sets of things; and as w=12, r = 6, n-r + 

. „ . , o 12.11.10 7 5.4.3 . ^, 

1=7; and n-r+l = 3;.*. ^ — j^— s a ^ Too ^ *°« 

number. 
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17. Here, as in Ex. 16, the expression is , ' ^ ' ^ x 
16 13 ^•^•'^ 

1.2 .. 4. 

18. There are in the polygon n angular points, by con- 
necting any three of which a triangle will be formed; the 
number of triangles will therefore be the number of com- 
binations of n things taken three together, that is 

w(n-l)(yi-2) ' 

1.2.3 

19. Here, Art. 260, the number of combinations is had 
by taking the continual product, 10.8.7.5; also, on the second 
supposition, the number is jt>* = 10,000. 

20. The number is greatest (Art. 259) when the value of 

• ** • XT-' A 8.7.6 5 ^^ 

r IS s, m this case 4; .•. c^ = ., - «, i = '0. 
2' ' * 1.2.3.4 

21. The 6 coins may be combined any number together 
to make a sum ; if taken 6 together, the number of different 

sums is expressed by f-o oV/? « ~ ^9 ^)> i^^^en 5 together, 

the last term, w - r + 1 = 2, and the number of different sums 

is ■,''*' =6; if 4 together, .' ' ' ■ = 15, &c.j also if taken 

1 together, the number is the same as if taken 5 together, 
5 and 1 being n — r and r, that is these combinations are 
complementary, Art. 257. Hence the number of different 
sums is expressed by 

T ^ %.5 6.5.4 , 6.5 ^ ^ 

^ + ^ + + 1X3^172 + ^ = ^^- 
in general the sum is 2"- 1. 

22. There are 7 consonants and 3 vowels in the first 10 

letters of the alphabet ; then because of the 6 letters in each 

word 2 are vowels, the&e 4 combinations of 7 consonants, or 

7.6 5.4 
7 taken 4 together, that is, =-' q >< =^^i also the number of 

combinations of 3 vowels taken 2 together is =-^ = 3 .*, 

35.3 = 105 is the number of different sets of words having 4 
consonants and 2 vowels; but the number of permutations 
of the 6 letters taken all together is 6.5.4.3.2.1 = 720 ; .*. the 
whole number of words that can be formed is 105.720 = 
75,600. 
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23. Let n = the number of cards, then by tbe question 
^ 7 ^^ " — ^ = 425wj dividing by n and clearing, n^ - 

3w + 2 = 2550 ; a quadratic readily giving 52 for n. 

24. A man may vote for 1 only, for any 2, or any 3; now 
the number of ways of voting for 1 is i ; of voting for 2 

Y^ = 6, i,e., 4 things 2 together, of voting for 3, t-^ — ^> •*• 
total number = 4 + 6 + 4 = 14 ways. 

XXVI. BINOMIAL THEOREM, p. 308. 

1 XT A a:\6 ^ a; 5.4 fx^ 5.4.3 /xy 

L Here (^l+^j =1 + 5.^ + j-^y +^^3. ^ + 

5.4.3.2 /aj\* 5.4.3.2.1 /a;\« , A ^\~^ i o^ . 

i:2:3^- W ^ 1x3x5(2) = ^^- V'2) = ^ ■*■ H ^ 

2.3 /xy 2.3.4/ a;\3 2.3.4.5 /ar\* , / or xs 

{a + (26 - c)}8 = a8 + 3a2(26 - c) + ||a(26 - cf + (26 - c)^ = a^ 
+ 6a26 _ 3a2c + 3a(462 - 46c + c2) + 863 „ i262c + 66c2 - c^ = 

&C. Also (i±^y = (u J^y = u «( ^) + i?^) X 

Xa-x/ \ a-x/ \a-x/ l.J. 

/2^\2 n(n^l)(n^2) /2^y 
Va-a:/ ^ 1.2.3 \a-x) ^ ^^' 

2. Apply the formula and example of Art 271 j r is in 

this case the first whole number greater than (|- + 1)|-t — 5 

= 1^, that is, 2; in the 2nd case the general factor - 

n + r-\ x »+r-l 5 r + \ 5 . , . 

X -= - ^ X ^= * X ;r IS always greater 

r a r 2 r 2 ^ ^ 

than 1; this shews that the series increases continually; in 

the third case r is next term > ly\, that is the second. 

3. Here(f+l).3«,-(l+,^)=fo^l^. ... ^ = 2, and the 

series begins to converge with the 3rd term. Or thus, the 
series will begin to converge at the (r + l)th term. When 

^-^T- -TTT < 1, that 18 -2^.^ < 1. 

Or, 20r > 45 - 18r, that is 38r > 45 or r 7 1^. 
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4. There are w+l = 13 terms, .•. the 7th is the middle 

term: and 7th term = t t, "" W ^x^^=924a^^x^^;alaotho 

1. 2 .... 6 

two middle terms are the 7th and Sthforw +1 = 14; 7th term = 
}^:llil^=l716a'afi; 8th =lM|-i^=1716aV. 

1. J ... o 1. Is .... I 

5. The rth term (Art. 269) wUl be 

1.2.3 (r-1) 

(l)(-2)(-5)...(-3r + 7) 

3''-l 4-8r 






\e- 



1.2.3. ... (r-1) 

_ (l)(-2)(-5)...(-3r + 7) 1^- ^ 

1.2.3 ... (r-1) >-i* 

Then to make the terms of the numerator positive, multiply 
by ( - 1)'"~S (r - 2) being the number of negative factors; we 
thus get 

^x.^ /I Nr-a^-2.5 . . . (3r - 7) 1^ /a:\ ""^ 

^^^^'"=(-^) 1.2.3. ..(r-l) ^^\-3) • 
Again the 7th term of {a^ + ^axf is ?'o " " ^ (ay(3aa;)< 

61236ai5^«. 

6. The number of terms is here 27^ + 1, odd, since the 
index is even; the middle term will be an odd term with 
n terms on each side; the middle term is thus n+1; then 
applying the formula, introducing the factor 1.2.3....71, 
and arranging the terms, we have mid. terra = (th- 1) th 

^ 2n{2n-l) (2yi- 2) (n + l) « 

1.2.3 ... n 

_ 1.2.3 • . , 7^(w + 1) . , .{2n - \)2n » 

(1.2.3 . . . w)2 -^ 

1.3.5... (2ri-l) 2.4.6... 2^^ „ 

1.2.3 . . . w * 1.2.3.. . n ' 

_ 1.3.5 (2w — 1 )^n n 

" 1.2.3. ..71 

Again, the coeff. o{ , th term of (1 + xf = <^- l)--(^-^+ 2) 

1. J . t5 . . . (r — 1) 
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w c / i\xi. X n(n- 1).. . .(n-r+2) n — (r-1) 

coeff. of (r + 1 )th term = -^ — ^ ^ — r^ x ^ -' 

^ 1.2. . . (r-1) r 

(Art 270.) 

{- 71 - (r - 1) ) n{n- 1). .. (n~r+ 2 ) 
^^ T J • 1.2. .(r-1) 

_ (n+l)n(n-l)... {ri-(r-2) } 

1 . 2: 3 ... r 
(n + l)r^(n-l)... {(yt + l)-(r-l)} 

^^' IT2 . 3 . . . r 

which is the co-efficient of the (r + l)th term of (1 + xf^\ 

XXVII. PROBABILITY, p. 317. 

1. The probability of drawing a white ball first is ^ ; and if 
this is done, there are still 10 balls, of which 5 are black; .-. 
y^ is the probability of drawing a black ball; then Art 279, 
the irt'obability of drawing both as required is -^x't^ ~ tI' 

2. The probability of drawing a white and a black ball in 
succession is by last Ex. ^; this being done, there are left 5 
white and 4 black, and the probability of drawing a black 
ball from these is |^; .*. ^ of ^ = ^ is the required proba- 
bility. 

3. The chance of throwing sixes at one throw is J-J = ^, 
and of failing §^. Let x be the number of throws required, 
then 1 - (II)* = i, (Art 279), and by the question, a;(log- 35 - 
log. 36) = log. 1 - log. 2, or a:(log. 36 - log. 35) = log. 2 .*. &c. 

4. We have here. Art 280, p. 315, i^l'(i)H = ^. 

5. If two black balls be removed, the 5 remaining balls 
can be placed in 1.2.3.4.5 positions; and if the 2 balls re- 
n)oved be placed one at each end of the line, we have 2.120 = 
240 favourable arrangements; but 2 black balls can be 
taken out in 3 ways, so that there are in all 6 (1.2.3.4.5) = 
1.2.3.4.5.6 favourable arrangements. Now, the 7 balls 
admit of 1.2.3.4.5.6.7 different arrangements; hence the 

. L^ 1 

chance required is — = ^ 

6. Here, Art 2'57 (9), the 10 balls can be drawn 5 
together in 252 possible ways; for the favourable cases each 
two of the 4 white balls may be taken with any three of the 
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Ill 



6 black balls ; now, 4 balls can be taken 2 together in 6 ways, 
and 6, three together, in 20 ways. There are ,\ 6.20 = 120 
favourable occurrences; .-. the chance required is |-|§ = ^. 

7. The chance of drawing white the firat time is ^, and 
this beiug done, 9 balls, of which 2 are white, remain, and 
the chance of drawing white again is f , and of drawing 
white the third time ^; hence the chance of drawing white 
in each of the fiist three trials is i^r'f 'I- = t^tt- 

8. The chance of drawing white is now (Art. 280) p^ = 
(■^)3 = ^IIq 'j that of drawing 2 white and 1 black, with or 
without regard to order, p^q or 3/?^^, or y^^ and ^ 
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9. The chance of putting the hand in the first urn is ^, and 
of drawing a white ball therefrom is f ; .*. the chance of draw- 
ing a white ball from the first urn is ^ of f - ^; similarly for 
the second urn, the respective chances are J, ^ and ^ of i- = |^, 
and since the event may happen in either of the two ways, 
the chance of drawing a white ball from either is |^ + ^ = ^. 
There being 6 white and 2 black balls, the chance might 
seem to be f in favour of a white ball ; but the chances are 
not the same on account of the number of balls being dif- 
ferent. If we had 10 and 5, 12 and 3, then the chance of 
drawing any of these is equally-probable; .*. the chance of 
drawing a white ball is ff or ^ = |4; but |. = |^ = ^. 

10. After A.'s assertion, - — , , .,., " =4] B.'s assertion 

improbability ^ 

increases the fraction in the ratio of 4 : 1, making it ^^ ; C.'s 
denial diminishes it in the ratio of 1:6; making it ^ ; 
hence the probability of the truth : improbability : : 2 : 1. 



XXVIII. SOLUTION OF GEOMETRICAL 
PROBLEMS, p. 324. 

1. Let the altitude AJ) = a, the 
base BC = b; and side of square = x 
.: Al = a-x; then since the tii- 
angles ABC and AEF are similar 
we have, Euc. VI. 4, BC : EF : : AD 
:AIj or a:b::a-x:x ,\ ax = ah 

— bx and .*. x= — ,. 

a + b 

Otherwise, putting BG = (^, and since (Euc. I., ax. 10) the 
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area of ABC equals that of the three small triangles and 

,, , ah dx ia-x)x Xj., ,. .^ « 

the square, we have o" ~ "o" + ^ — g" + 9 [^ - (» + a^)] + ^> •'• 

ah ajx hx . db v* 1 • 1 ir xt. i 

-7r = -K -^ -K and x = i, which is half the harmonic mean 

2 2 2 a+6 

between a and 6. 

2. Here c? being the given difference, and putting AC = re, 
fig. 1, p. 321, we have BC = a5 + <^; and (Euc. I. 47) {x^d)^ 
- 2a^, or 0!^ + 2dx + d^=^2a^\ whence a? - 2dx = cP, a quad- 
ratic giving x = d(l ± J2). 

3. Let the side AB - a, fig. 3, p. 322 ; put hypotenuse 
AC = X, then AC + CB = 6 and CB = 6 - x. Therefore (Euc. 
I. 4c7) x^ = a^ + (h - xf = a^ + h^ - 2hx + ac^ r. 2hx = a^ + h%SLnd 

x = —TrT — = AC. Also 6-0? = 6 T77 — = — T7T— = BC. 

2o 2,0 Zo 

4. Let the side =a;.% diagonal = J(2x^^ = x J2; then by 
the question ix + x iJ2 = 8, or (4 + J2)x = 8 .*. x = j j^ 

4:8 — 8 J 2 

Hence, Algebra Art. 117, 03= — -[a ' ^^ thus; a? being 

the side we may put diagonal =5-4a7; then (Euc. L 47) 
{s - 4xY = 2a^, whence 14a;2 - 85a; = - «2^ a quadratic giving 

4:8 ±8 J 2 

X = /^ = side of square. But diagonal =x J2=i 

48j2^28 _ 28j2^8 _ g(2^2-l). 

14 " 7 " 7 

5. Let the sides be x and y; then x:y ::m:n; whence x — 

^.y. Also (Euc. L 47, cor.) x^^y^ = a^-'b^ (see fig. 4, p. 322) 



thatis, Jy-2/' = a2-62^.-.2/ = n^'^--^2; also ^ 
,a^-h^ 

6. Here (Ex. 1. p. 320) x{a - a;) = J^^ and a^'ax= -V, 

whence x=^± ^(4 - &^). The question would be impos- 

2 
sible if 52 > or 6 > ^. Thus the rectangle is a maximum 

when the line is bisected. (See Euc. II. 5, cor.) 

7. Here the segments of the line denoting the width of 
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the street being x and a— a?, we have by the question (Euc. 
I. 47, and ax. I), l^ + a^= (a -xy + t^^a^-- 2ax + a^ + <^, 

whence 2ax = a^-il^ + c^ and x = 5 1 •/• a - a? = 

2a • 

8. Here let AB = a, DC = 6, BD = aj, AO = y; then (End. 
I. 47), A being right, y2 = (a; + 6)2 . a?. Again > 
(Euc.I.47,cor.)a2-2^ = {B2-62....flt2.(a. + 6)2 A 

+ a2 = as2 - ii2,and reducing,a:2 + j^j = a^; whence // \ • 

a?= " ~ o — ^^ •*• ^+^ = ^yp- = ^ + * ** 

^i*-^^±M = ^±V(|±i^). Also 3^ = (. + 6)W 

^ ftg ± 25 7(62 + 4a^) + 62 ^ 4a2 ^^ 

4 a - . 

62 ± 26 7(62 ^ 4^2) ^ 62 + 4a2 - 4ag ^ h^ ± b J(bl^ + 4a^) 

9. Let the sides be x and y, then x — y = d and (Euc. I. 47) 
052 + ^2 _ ^2. jjut 332 _ 2a3y + ^ = cPj subtracting, 2a?y = a2 _ (;i^2^ . 

4iry = 2(a2 - cP); . •. by addition, 7? + 2ajy + y^ = 2a* - cP, and 
evolving, a? + y = ± 7(2*'* - c^) ; to obtain x and y combine 
this with x-'y=^d. Otherwise, the hypotenuse being a, let 
the base be a;; then the perp. will he x — d] then (Euc. I. 47) 
{x-'d)'^ + a? = a^; .\ a^ - 2dx + d^ + x^=zc^; .-. x^-dx = 

2 ^ * 2^~ - v\^4 + 2 / - '^ 4 ^ ** 

a; = Je^±J7(2a2-<i2) = basej.-. a;-ef = Jd:-rf±J7(2a2-ti2) 

=s - Jd± i 7(2^^ - flP) = the perpendicular. 

10. Let EAF be the given chord, cutting the diameter 
BD in A, and let the segments B A, AD of tiie diameter be 
6 and c ; the chord = a, and its segments x and a-x; then 
(Euc. IIL 35), oc{a - aj) = be; that iax^-aac= —be; completing 

the square and evolving, x = "" ^ . The position of 

the chord will be determined by describing a circle from the 
centre A with radius equal to a?, joining A with the point 
where it meets the given circle, and producing the line to 
the opposite part of the drcumferenoe. 

I 
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. 11. Calling X the diagonal, the sides are x-a and x -- bhy 
the question. Then (Euo. I. 47) a^^ix-af + ix-h)^^ 
2a?-2(o + 6)aj + a2 + 62. ,-. a^''2{a + b)x= - (a^ + b^). This 

quadratic gives a;-(a + 6)= ± J2a5, .*. a? = a + 6 ± J2ab, 
Whence the sides x-a andaj-o easily. Otherwise, if the 
sides be called x and y, the diag. = ^{a^ + y^), and by the 
question ,J{a^ + y^)--x = a ,.(l); and J(x^ + y^)-y = b . . (2); 
the difference of tnese is 05 - y = 6 - a . . ^3); also a^-hy^ = a^ + 
2ax + a^; and y^ = a^ + 2ax . . (4). In (4) put the value of 
a;from (3) and y^ = a^-{' 2a(y + b - a), whence ^ - 2ay = 2ab - 
o*j a quadratic giving y = a± J2ab. Similarly from (2) 
SLnd{3)x^ + y^ = ly^-¥2by + y^.\x^ = b^ + 2bf/ = b^ + 2b{x + a^b) 
.', a^-2bx =: 20^-1^, whence x = b± ^2ab. To find the 
diagonal or J{a^ + y^) from this, square the valu es of x and y 
and add the results; this gets a^+b^ + (2a + 2b) J2ah + 4a6 = 
a2 + 2a6 + 62 + (2a + 26) ^'2^ + 2fl6= { (a + 5)+ ^2^}^ ••• 

12. Calling the base ar, its segments will be (Alg. p. 25, 
note) J (x + d) and ^ (a;-d)> then (Euc. II. 5, cor.) a^- 

( 2~) = ^ - VT") ' ^^®°^® ^= ^^ - ^^> *"^^ * = 

— - — = -^ ^ '-. Convei'ting this equation into an 

analogy, we have x:a-\-b = a-b :d) that is, the base is to 
the sum of the sides as the difference of the sides is to the 
difference of the segments. See Thomson's Euc. App. on 
Trigonometry, prop. V. 

13. Put half the base BO = a (fig. 4, p. 322 J, perp. =ft; 
diff. of sides = d, and let the interce{)t = x, that is the part of 
the base between the point of bisection and foot of perp. .'. 
the segments of the base made by the perp. are a + x an d a - as. 
Hence the sides are ^6^ + (g + a;)2 an d ^6^ + (a - a;)^, and .-. 
by the question s/WT(a + xf -d= Jl)^-^ {a-xf. Squaring 
we have b^+ {a + xY - 2d ,JW+JaTxf + cP = 6^ + (a - x)\ 
Developed and reduced this gives iax + d^ = 2d ^ly^ + (a + x)\ 
Squaring again 16aV + ^ad^x +d^ = id^b^ + o^ + 2ax + a^); 
hence 16aV ^^^^ 4^(^2 + 52) + 4c^a:2^and.\ (16a* - 4(^2^= 

4eP(a2 + 62)~(i4;.^a:=y^(^^!g^^ This inter- 
cept is the answer given in the Algebra. To find the sides, 
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its value must be substituted in the expressions J}f + (a + x)^ 
and a/PTToT^^P; this would give 



16a2-4c^ 
16a2-4f^2 



}• 



By multiplying h^ + a^ by the denominator of the last term, 

and adding the numerators, this reduces to 

Vr .„ /4(^(a« + 62)_<^4 16a2(a2 4.52)_^4s 
I ± 2a Y^ 16a2 .4^ + 16^2 . 4^ ] 

in which the upper sign applies to the greater side. Again, 

let m : n express the ratio of the sides, let a = base, greater 

segment = a;, . \ less = a - ar, perp. = h ; then the squares of the 

sides are 62 + 332 and 62 + ^^2 _ ^ax + a^ j hence m^iv? \ih^ + 

Q^ : 52 4. ^2 - ^aoi + 032. Taking the product of extremes and 

means, m262 + ^2^2 _ 2wi2aa? + iv^x^ - v^lP' + v^x^^ ,\ 

(w2 - w2)a?2 - 2m2aa?= (w« - m^)ll^ - m2a2 = - (w2 - w2)62 - m2a^ 

„ 2m2a ,„ m2a2 
or, «2 jji» = _ 52 ^ 

This quadratic will give the required value for the base 
segment x^ whence a — x and the sides easily. Otherwise, 
the parts being denoted as above, the sides will be ^(p^ + IF) 

and ^ (a - xf ■\- h^ \ and by the question J{3i^ + h^)- 

J{a -xf-^b^ = d; transposing and squaring (a — xf + b^ = 

d^+x^+b^ -2d J{x^+b^); wheuce a^ - 2aa: - d^ = -'2d^(x^ + 

62). Squaring and transposing, i{a^—d^)a? — 4ta(a^-d^)x = 

Al^d^ 
md^ - (a2 - (^2)2^ or, ia?-'4:ax = tzT^ -a^-^d^. This quad- 
ratic gives for the segment of the base, in terms of the same 

.... - - a.d , 462 + a2-.£^ . 

quantities as before, ^=9 — o\/ TZai — • Again 

^^^®'T7{(a-^W^}"^' squaring and clearing, n\^^ 
62) = wi2{(a - a;)2 + 62} ; or, {m^ - n2>r2 - 2m2aa;= -(m2- 
n2)6* - m2a2j a quadratic which will give the required value 
for x\ whence a— a? and the sides. 

14. Let (Euc. VI. K) AD and DC be the chords of the two 
arcs, and AC the chord of their sum; and let BD = 2r be a 
diameter; put AD = a, DC = 6, AC = c, then (Euc. III. 31) 
the angles A and C will be right, and (Euc. YI. E.) 2r.c = 



we 
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aBC + 6AB. Also (Euc. I. 47), BO = ^(4r« - V) and AB = 
V(4r2-a2), .-. 2r.c = a J{it^ -^ l^) + b J{if^ ^ a^), .\ c = 

-^ — - — ' , ^^ — - — \ If tlie arcs are equal their chords 
are equal, and the expression becomes, 

ch. of 8um= - is/(4r^ - «^)- 

15. Let BA in fig. of Euc. 11. 1} be taken as the radius 
divided in H, so that AB.BH = ATT2 . then AH will be the 
side of the inscribed decagon (Euc. IV. 11 and cor.); then 

BA=.AC = r, AE = Jr, EB2=Q +r« = ^,andEB 

= ir^5. Now AH (DE or FC or CG of Euc. IV. 11) = 
EB - AE = ir J5 - ^r ; putting the side = «, we have x = 
ir J6-^ = \rljb - 1) for side of decagon inscribed in the 
circle whose radius = r = B A. 

Next, for the side of the inscribed pentagon. From the 

formula in the last Ex. o^^ J{^ - ^^) ^® h&ve by substi- 

inscribed pentagon. It is shewn by writers on Geometry 
(Thomson's Euc. App. I. 21) that the square of the side of 
the decagon, together with the square of the radius (side of 
hexagon), are equal to the square of the side of the pentagon. 

This gives ^=^1^ + ^(6 - 2 75)= r^ + ^ - ^ Jb) = 

-j(10-2 J5\.\x= ^(10-2v/5),which is the expression for 
the side of the inscribed pentagon. 
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Again, for the circumscribed pentagon; denoting by O the 

middle point of the side FG of the inscribed pentagon (Euc. 

lY. 11), we have FO = J FQ=J ^(10-2 ^5), andDO = 

^(DF2-F0«)= V,^-^t(10-2^5)= ^/{1^%(6 + 2 J5)} 

= ^^(6 + 2^5). Now a tangent at F, perp. to DF, is a 

side of the escribed pentagon; let DOG produced meet this 

side in N (see fig. to prop. XII. and £. Euc. lY.), and let 

FN = ^a: ; then by similar triangles NF : FD : : FO : OD, 

that is, the sides are as the perps. on them from the centre; 

NF FO , ^„ r.FO ^v ^ . , J J(iO - 2 J5) 

.-. — =^,andNF=^g-; that xs, ^ a; = r. ^^-^^^^ ^ ^ ^^^^ . 

= r. ifQ — Q /gv > to rationalize the denominator, multiply 

both terms by 7(6-2^5); then h^ = r J ^^"^^ "^^ = 

r J{5 - 2 ^5). Hence side of escribed pentagon, x = 
2r J(d - 2 ^5). 

Lastly, for side of escribed decagon, if from B and F 
(Thomson's Euc. App. I. 21) tangents be drawn meeting in a 
point, the two lines thus formed are each half the side of the 
escribed decagon, i,e,,hc. If we call the point of meeting L, 
the triangles L£F ana F£G are similar, each being isosceles, 
and having the angle at the vertex the angle of a decagon ; we 

have thus (same fig.) ^x : FB : : FB : B G and .-. ™^ = 
F-lor— i^ -_iLv^«zl)_=__s/5zi_. divide 

now both terms hyJ(J5-l) and we obtain — ,y. ~' since 

is/(2 Jo) 



10-2 V5 = ( J6-l)(2 V5). HeBce^ = | -^^^^-y^'^^ ^) 



"2 2J5 ~ 2.2^5 

_ Jie J(5 - 2 JS) _ _ J(5-2J5) 

^r.y/'-^. Hence side = 2.r'Y/^4^ 
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16. Let ABC be the given triangle, B right; then the 

diagonal B D of the square passes 
through the centre O of the inscribed 
circle, whose radius (Euc. IV. 4, cor. 5) 
is B G or B H, and bisects the right 
angle B. Draw the radii O G, K to 
the points of contact, and let fall B L 
perp. to the hypotenuse. Let now ra- 
dius = h, side of square = a, segment 
AL = x; then, by virtue of the paraUels, 
BF : FG ::BD:DO :: BL:OK;or,a : 

a - 6 : : BL :h; .•. B L=:— — ^; whence 

DL= V(BD»- BL2) since L is a 

rightangle;i.6.,DL = V^2a2 _ -,^;^y) 

Put this =c, and— ^ = c^. Then (Euc. VL 3, and 8 cor.) 
AL:LB::LB:LC,andAD : D .: AB : BC :: AL : 
LB: t.6.,a;:<i::fl?:CL = — ,.*.CD = c:alsoaj+c: c:: 

X X ' X 

x:d; hence^ taking the rectangle of extremes and means 

dx-^-cd—d^'Cx. Whence x = -~ \ This will determine 

d-^-c 

the triangle; for the position of D being given, the tangent 

through it is the hypotenuse; and AL being found, the 

preceding proportions will give BL and LC in absolute 

length ; also BD is known, being the diagonal of a given 

square. 



APPENDIX. 



1. If 8i, «2> ^sy ^'9 ^ ^^^ ^^^ ^ ^ terms of n Greometric 
series, whose first terms are each uiiitj and common ratios, 
1, 2, 3y &c. : prove that 

*j = 1 + 1+1+ +1 =n 

«2 = l + 2+ 4+ +2^-^=2"-l 

^8=1 + 3+ 9+ +3^-i^^Lz} 

«^ = l + 4+16+ +4"-! = :^^ 

• • • • 

• • • a 

«_ = 1+71 + W2+ +W*"^ = =- 

" W-1 

or, 4ri = n,«2 = 2"-l,2«3 = 3**-l, 34r^-^4*-l 



• 



(n-lK=n--l 
.'.8.+ 8^+ 28. +38. + ... +(w- lK=2*+3*+4"+&c.+w-(w-l) 

= r+2*+3"+4-. . . +n< 



2. If «p «29 ^8> ^^'' ^^® ^^® sums of 911 Arithmetic series each 
to n terms, the first terms being 1^ 2, 3, <fea, and the differ- 
ences 1^ 3, 5^ &c. : prove that 

«i + «2 + ^3 + &c- = iTnn(mn +1). 

«j=l+ 2+ 3+ 4+ .... +w =^{ n + 1} 

«2=2+ 5+ 8 + 11+ .... +(3n-l)=2{3»+l} 
«8 = 3+ 8 + 13 + 18+ .... +(5w-2) = ^{5» + l} 
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54 = 4 + 11 + 18 + 25+ .... +(7»-3) = |{7n+l} 



«^ = m + (3m-l) + (5m-2) + + {m + (»-l)(2«i- 1)} 

= |{(2w-l)n+l}.-. «i + «2 + «3+ +s^ = ^{n-¥dn 

+ 5w+ . . . +(2m-lW}+^=^{l + 3+ 6 + . . . + 

ic% iM ^^ w^ o win m^n^ mm, vtm-f .. 

(2w-l)} +_=:-xm2 + -2-=-2-+-2- = -2-t«»»+l}- 

3. If P, Q, and R denote respectively thejptli, ^ih, and rtli 
terms of an arithmetic progression, prove the following rela- 
tion : (g'-r)P + (r-p) Q + (;?-g') R = 0. 

We have a + (;?-l)(i = P .... (1) 
a + (5-l)(i = Q . . (2) a + (r-l)ei = R . . (3) 
Subtracting (2) from (1) and (3) from (2), 

• Q-R"g-r' 
.-. (5r-r)P + (r-;))Q+(;?-5')R = 0. 

4. If P, Q, and R denote respectively the^th, ^ih, and rth 
terms of a geometrie progression, prove the following rela- 
tion: 

^"^ ^^'^ -mJ"^ , 

P Q R =1. 

If a denotes the first term of the progression and k the 
ratio, we have 

a/"'' = P ..•.(!) 

aJc ^ = Q .... (2) 

oA*^ =R • . . . (3) 

Dividing (1) by (2) .-. ^= h'^' ... k^ (^^' 
(2)by(3)...|=*-^..*=(Q)-^ 

•••©'"'-©'"'••• ^'" "-"'«'" 

Multiply both sides fcgr Q 

^'^ ^"^ ^*''9 
.-. P Q R «=1. 
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5. Shew that in the series 1, 3, 5, &c,, the sum of the first 
half of any even number of terms bears a constant ratio to 
the sum of the last half. 

Let 2p denote the number of terms ; prove that the sum 
of the first p terms bears a constant ratio to the sum of the 
last p terms. 

Let«i = l+3 + 5+ ...... +{2p-l)= ^. 

8^ = {2p + l) + {2p + S) + {2p + d) . +(4p-l) = 3^2. 

.'. -i = ^ = ^= a constant 
«2 "^p 3 

6. 8 is the sum of three terms in a Geometric progression, 
of which the first is unity, and 8 is the sum of the reciprocals 
of the same numbers, prove that the sum ad infhiiPum is « <«- 



{>-©♦}• 



Let r denote the ratio, and 2 the sum ad injmUwm, ; 
we have « =1 +r + r2 = Y^7-(l-»^)=2(l -r^), . . (1) 

anda' = l + ^ + j5=^(l+r + r2)= ^.,,(2) 
From (1) we have S= . _^ ... (3) 



From (2) we have r® = — .% r= f—) 
Substituting this vakie of r in (3), we h^ve 2 = 



B 



7. If n Arithmetic aiid Greometric means be inserted be- 
tween a and Z, find the mth mean in each case. 

For the Arithmetic means we have Z = flU- (» + l)c? ,\ d- 

. " , -, which is the common difference. 
w+1 

Now the mth mean is evidently the (m + l)th term, 
reckoning from beginning, and is therefore =a + wwj?=a + 
m(Z - a) _ a(w - m + 1) + ml 

w + 1 ~" w + 1 

1 

which is the common ratio. 

As before, the ^th mean is the (m + l)th term, reckon- 
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ing from beginning, and is evidently =ar'" = aUy** = 

8. If P be the continued product of n quantities in Geo 
metric progression, 8 their sum, and s^ the snm of their 
reciproc^, shew that 

Let a, or, ar^y at^ ar"*'^ be the n 

quantities in Geometric progression, 
Then F = axarxcM^x . . . . x ar^~^ 

n(n-l) 

= a r 
And « =a{l+r + t^+ . . . + r""*} .-. l+r+r^ + Ac =' 

1 « 

n(n--l) 

But P = ay^" 

.-. P2 = a»"r"<'-»)=(i^y. 

9. Find the ratio of the latter half of 2n terms of an arith- 
metic progression, to the sum of 3n terms of the same series. 

Let a = first term 

6 = common difference, 
the series will be 

(^ + a + b + a + 2b+ .... &c., 
the last half of 2n terms of this series will begin with the 
(n + l)th term, and its sum is evidently equal to 

'^{2a + 2nb + {n - 1)6} ■=^{20 + 3n6 - 6} 
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The sum of 3w terms of the same series is 

3n , ^ « T » ^ sum of latter half of 2n terms 
2^{2a + 3n6-6}.-. gum of 3n terms = 

^{2a + 3w6-6} , 
j^ 1 

^{2a + 3n6-6} ^ 

10. The nth term of an arithmetic series is ^(3w- 1), find 
the first term, common difference, sum of n terms : — 

Let w = 1, .'. the first term = 3. Let w = 2, .•. second term 

= ^ ; .•. common difference = ^. Sum of n terms = -a {^ + ^} 

W /I I/O 1x1 ^ /I ^l ^ fO 11 

11. If *„, «„^j, *„^.2, *«+8, <kc., denote respectively the sum of 
Tby {n+l)t(n + 2),{n + 3), <kc., terms of the arithmetic progres- 
sion, whose first term is a, and common difference b; find 
8n + ««+i + ««+2 + *«+8 + &<5., to n terms. 

We have 2«„ = 7i{2a + (?* - 1)6} 
2«fn.i = (w + l){2a + n-b} 
2^2 = (^ + 2) {2a + (w + 1)6} 



&c. = . <kc. 



.-. 2«„ + 25„^.i + 2^„^2 + <^®- = {^+ (w+l) + (w+2) + (n + 3) + 
<kc. to ?* terms} 2a + {{n- l)n + n{n +l) + {n+ l)(n + 2) + &c. 
to n terms} 6. 

The last part of the right hand member is evidently = 

{n^-n+{n+lf-{n+\)-\-{n + 2f-'{n+2)+&c,}b={n^ + 
{n+lY + (n + 2f + {n + Zf + {n + 4:f+&c. . . . }6-{n + 
(w + 1 ) + (n + 2) + (n + 3) + &c. } 6, .% 28„ + 2^„^i + 28„^^ + &c. = 
l2a -b){n + n+l + {n + 2) + {n + 3)+ &c.} + {w2 + (w+l)2 + 

(n + 2)2 + (w+3)2 + &c}6 = (2a-6)x|{37»-l}+gw(2w-l) 
(7n ^ 1). 



I* 
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[For the sum of the series n^ + (n + 1)2 + (n + 2)* + <kc.> 

see Text Book, p. 258, where it is shewn that, 1^ + 2* + 3^ + 

^^^ «(«+l)(2n+l ). ., i8^2«^J(»+ . . . . 

+ n2 + (w+l)2 + (w+2)2 + (w + 3)2 + «fec. to3i»>t^|tons 

= ^ — (.^ ^ — ^^ , by substituting 2n-l for n. But 

P + 22 + 32+ („-i)2 = («Z.^^|rLJ),...«2 + 

(» + If + {n+ 2)2 + &c, = in{2n, - 1)(7» - l)j. ' 
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